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ON TWO NEW CHAPTERS IN THE THEORY OF PROBABILITY 


Maurice Fréchet 


Introduction 


First Chapter: The probabilities associated with a system of events. A number 
of scattered memoirs, apparently unrelated, and written by authors unfamiliar 
with each other’s work, have followed two fundamental! innovations (apparently 
also independent), expressed by an inequality of Baole and an equality of 
Poincaré. The trait common to all these works is that they study the probahil- 


ities concerning a system of events, and their novelty consists of not restric- 


ting the discussion to the simple cases where the events are supposed mutual ly 


exclusive or independent. In a work in two parts® published in 1939 and 


t 
1943, we have brought together the ideas contained in these papers ir 
matic theory, completed them at a number of points, studied parti 


and given applications. Thus, we believe, a new chapter in the 
probabilities has been inaugurated, which will continue to develop, 
find its place in the future treatises on probability 

If we may mention it here, the two booklets, appearing just before 
juring the war, have necessarily remained unknown to many of those whs 


interested in probability theory. 


Second Chapter: Theory of random elements of any nature whatever. In discussing 
the first chapter, it was possible to restrict ourselves to the mention of the 
title of the new chapter and to refer to a work already published for the 
details. On the contrary, the subject of the second chapter (abstract random 
elements) is not yet in any book and, moreover, is still inthe period of for- 
mation. We know of nothing on this subject except for the two memoirs we have 


oe Stakl 


written, of which the first has already appeared** and the secon 
in press. Even if the third memoir which we are preparing is added together 
with the works on statistics in which we have considered the related concrete 
examples, the subject, far from being exhausted, still presents many unsolved 
problems. For this reason it would seem useful to summarize here the results 
of the second memoir, in order to draw the attention of scholars to a new 


domain which may prove to be very fruitful. 


l. Abstract random elements. The theory of probability, after being 
almost exclusively devoted to the study of random numbers, has been extended 
to random points, random vectors, and more recently to random series and 
finally to random functions. But in the study of Nature and in the “Social” 
Sciences, as well as in various technical applications, one encounters various 
other random elements: random curves, random surfaces, etc. Is it necessary 


*Les Probabilités associes & un systeme d’evénements compatibles et dependants, 
Hermann, Paris. First part: Evénements en nombre fini, viii - 80 pp., 1939; second 
part: Cas particuliers et applications, 131 pp., 1943. A third part wiil be devoted to 
the case of systems of a large number or an infinite number of events. 


**L’integrale abstraite d’une fonction abstraite d’une variable abstraite et son 
application @ la moyenne d’un élément alfatoire de nature quelconque, Revue Scientifique, 
v. 82 (1944), pp. 483-512. 

***Les eléments aléatoires de nature quelconque, Annales Institut Henri Poincaré 
(in press). The material treated in this memoir was the subject of one of my courses 
at the Sorbonne in 1946 and in 1947. 
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study each one rf these categories separate and successively Without 
enor Pe >? i; fle er ec in their propertie .¥ "We iiscove The ’ Ornwn< 
oad 
Ny ire going to show that me dehnition ne theorems of the theory of 
rand: numbers, can be extended in a convenient form to the study of randon 
elements of any nature. There will result technical simplification and an 
»verall philosophical view ar rlogous to that furnished by vector analysis 
receding the particular study of forces f velocities, of rotations, etc.— 
that is, of the various kinds of vectors 
But how can one discuss random element f indeterminate nature We will 
proceed as in the theory of abstract spaces, by employing descriptive rather 
than constructive definitions. It wil! suffice here—although this weak restri 


tion may be further weakened—to suppose that the random elements considered 


are chosen at random in a metric space. The elements (or points) of this space 


are unspecified, except that we suppose that with each pair of elements x, y of 


the space is associated a number (x,y) = 0 such that 
(1 (x,y) = O af, and only if, x = y. 
{11 (Z,y9) = (¥, 27 
/ +} ‘e ” , 
(in1) the “triangular” inequality 
(1) is,y) S (w,2) + (3,y) 


, 


is satisfied for every three points x, y, z in the space. 

Among all the definitions of the theory of random numbers which can be 
extended to the theory of abstract random elements, we retain here only these: 
the typical values (mean, etc. . . .), the various measures of the dispersion, 
and the various kinds of stochastic convergence. We will give here some of 
their principal properties and refer to the memoir in press cited above for 
the demonstrations. 

We think it useful to insist on the prodigious extension which the simple 

troduction of the notion of distance gives to the domain of validit of the 


theory f random numbers 


Part | dD sperstor 
; Ve levitation, If X } Z re anaom ¢ nent chosen y ance tron 
among the elements of a metric space whose elements are arl itra! in nature 
and if X,Y.Z are determined simmltaneously by each trial of the same categor 


of trials, it can be shown that 


2 k/ om, k ° k/, 
: m(x,y)* S$ SRXZ)* + SRY,Z) 
for eacl mber Rk , where Rl denotes the mean value tt ran 
ee 
We wil! 1y that a rand element X of ® is bounded in the mean of order k 


"It is, of course, assumed that the laws of probability gf the random number 


b . P 
. . T f . 4 
X,Y} t are known. If is a random number, the i pl udF(u), where F(u 
Pro U<u Ed. Note) 


** Wher R 1, (2) may be replaced by Nix, y)* > mx, z)* ¢ M(Z,Y) 














, 
- 
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if there exists at least one “certain” element a of ® such that the mean value 
M(X,a)* is finite. 

It follows from (2) that if X is bounded in the mean of order k 2 1, then 
R(X, b)* is finite for each “certain” element b of D. We wil! call the quantity 


*/ M(x, Y)k the mean deviation of X and Y of order k. We will call the lower 


bound of the mean deviation of order k of X with a “certain” element a of % 
when a varies arbitrarily on 9, the mean deviation of X of order k. One can 
consider this mean deviation as giving one of the possible methods® of evalua- 
ting the dispersion of X. One may say that X is bounded in the mean of order k 
when its mean deviation of order k is finite. 


3. Typical pps i tions. When X is bounded in the mean of order k, every 
definite element y , if such exist, such that the mean deviation of order k of 
X is equal to the mean deviation of order k of X and *), will be called a 
typical position of order k of X. In the case where X is a random number and 
(x,y) = |x-y|, the typical positions of orders one and two are none other than 
the median and the mean of X. 

In general, the application of the preceding definitions will vary not only 
with the set of points of the space 9 but with the definition of the distance 
adopted for 9, as we will see jin examples. 


4. Case of infinite dispersion. When X is not bounded in the mean of order 
k, one can define a typical position of order k of X in a manner analogous to 
the preceding, by substituting for M(X,a)*, which is infinite, a sort of 
“finite part” of this quantity. To do this we choose arbitrarily a fixed point 
b of D and designate by X,(6), or more briefly, by X,, a random element 
identical with X when (X,b) $n, and identical with 6 when (X,b) > n. We 
designate by a, the lower bound (20) of R(X,,a)*, for a in 9. Finally, 
consider the difference 


bd, (a) = R(X,,a)* - am,. 


It is a non-negative function of a. Let h(a) be the lower limit of 9, (a) 
when n-—, 1l.e. 


h(a) = lim inf 2 (a) 
nw n 


We shall say that X has a typical position of order k when 


1. h(a) is finite for at least one position of a. One may then call h(a) 


the finite part of &(X,a)*. 


2. h(a) attains its lower bound (necessarily finite and non-negative) for 
at least one location of a independent of 6. This point will be called 
a typical position of order k of X. 


It can be shown that this definition, which also applies when X is bounded 
in the mean of order k, is equivalent in this case to the original defini- 
tion (sec. 3). - 

Remark. It might appear more natural to define the typical position X as 
the limit of X, as n =. But even when X, is bounded, X, does not necessarily 


*We shall see others below. 
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exist. However, one may show that if X is bounded in the mean of order k, if 
X, has a typical position X, of order k, and if X, tends to a limit, then 
this limit is a typical position of order k of X. 


5. Particular Cases. 


[. When X is a random number, and (X,a) = |X-a|, and if X has a mean 


value X in the classical sense, that is, if the integral 


2 r 5 | 
X= x d Prob ([X<x! 
-@® 
is absolutely convergent, X has a typical position of order 2 in the above 
sense, namely X. But the converse is not true. We refer for more details to 
‘ ‘nr . 
our article, “Nouvelles definitions de la valeur moyenne et des valeurs 
; . ‘ ” . 
equiprobables d'un nombre aleatoire,” Ann. Univ. Lyon, 3rd Series, Section A 
(1946), pp. 5-26 


II Consider the case where the random element X is a numerical function 
X(t) of one real variable t, the function being chosen at random in a family 
% of such functions defined, for example, on the fixed line segment S:a$ t §$ b. 
One may define the distance in various ways. The mean X(t) of X(t), that is, the 


typical position of order two, will vary according to the definition adopted 
for the distance between two functions of . It is necessary to distinguish 
between X(t) and the function X(t) which is equal, for each value of t, to the 
mean value of the random number A(t). These functions may he identical or 
distinct depending on the particular case 


(i) If 9§ is the family of functions whose squares are integrable on S and if 


: 
(f,g) = iets J (fle) - g(t) . 


dt 


as in the method of least squares, then one has 
(3) X(t) = X(t) 


in very general cases, including in particular the simple case where X(t) has 
only a finite number of determinations x,(t), x,(t), **° x(t), each having 
an integrable square on S. 

(ii) On the contrary, if % is the family of all continuous functions on S, 
and if we put 


( > l f(t) - g(t) 
f.g) oma, 'F*? git 


then (3) is not necessarily true. As an example, consider the case where X(t) 
has only two determinations, x;(t) with probability p and x2(t) with proba- 
bility q, where x,(t) ¢ x,(t), and where 


2 
qs 7 /¢. 


in which m and M denote the minimum and maximum of x2(t) - x;(t), respectively. 
Then one may show that 


X(t) S x,(t) + qu , 
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ON TWO NEW CHAPTERS IN THE THEORY OF PROBABILITY 5 
whereas 


X(t) = x,(t) + qlx,(t) - x,(t)) , 


so that the two functions X(t) and X(t) are distinct, except when x,(t) - x,(t) 


is constant, or when p = 1. We refer for more details and for the study of 
further examples to our memoir cited above (p. 4). 


6. Global elements and their distances. The inequality (2) resembles the 
triangular inequality (1), and this fact leads to the conception of what we 
shall call global elements. If each trial of a certain category © of trials 
determines simultaneously the random elements X, Y, Z, *** , one may consider 
these elements as transformations 


X = ¥(R), 
Y = (R), 
Z = BCR) 


of the result R of each trial into a corresponding position of each of the 
elements X, Y, Z. 

If, for example, X, Y, Z, *** , are taken at random in a metric space ® and 
are each bounded in the mean of order k 2 1, it follows from (2) that each of 
the means M(X,Y)*, m(Y,Z)*, , is finite. Now they are determined by the 
transformations (or functions) %, U, 8, +++ of R. One may then consider 


’ ’ ’ 


k/acx ye 


as a distance between the functions %, ll taken in a certain function space 5 


: 
Remembering that “} or Ul generate the entire set of determinations of X or y, 
we may speak of this distance as the distance between the “global elements 
iX], lY].” This expression and this notation emphasize the fact that we are 
interested here in the distance between the entire or “global” set of determin- 
ations of X and the set of determinations of Y rather than the distance between 
the determinations of X and Y from one and the same trial. One can say that the 
distance of these global elements is the measure of a sort of dispersion of the 


r 


pair X, Y determined by eachtrial, This distance may be represented by the notation 


(4) (ix), [y])) = ¥ «,y)* 


It is clear that this expression defines a distance satisfying conditions 
(i), (it), (itt), Gsee. 1), providing that we agree to consider two global 
elements the same, if the corresponding random elements coincide at each trial, 
except perhaps in a case of probability zero. 

But this introduction of a space of global elements—where the distance is 
lefined by the formwla (4) in which (X,Y) is the random distance in of X,Y, 
in the same trial—may be carried out in a natural way with the same global 
elements but with other non-equivalent expressions of the distance. We shal] 
see an example later. This will lead us to a more general concept. Considering 
again the transformations §, ll, 8, *** , associating with the result R of each 
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} 


{ 


trial the elements X, Y, Z, °° of the space © (which does not even I 


lave to be 
supposed metric in advance), we may consider these transformations as belonging 
to a function space 

We may make correspond to each transformation 3 a “global element” (A 
representing the set of determinations of X (but essentia! ly related to the 


. : A ; ' 
set of results R by the transformation ) and consider 4 as a space of global! 


elements defined for the same category of trials. 

Thus (as shown by the example of By, above), one may consider as a metric 
space by associating with each pair of global elements LX], [Y) of A a distance 
({X], {Y]) satisfying the conditions (i) (ii) (iti), (sec. 1). But if we wish 


to take account of the fact that the result R is obtained by chance, then the 
distance ({X], [Y]) should be a sort of dispersion of the pair X,Y, that is, 
the contribution to this distance of pairs corresponding to a set of results R 
»f small probability whould be small. This is the case, for example, in the 
expression (4). 

When the space © from which the elements X,Y are selected at random is a 
metric space, we see that the distance (X,Y) is a random number, whereas the 


<2 


distance (LX Yj) is a “certain” number letermined by the transformations 


, 


and the law of probability of R. 


’ 


7. Generalization of the dispersion and typical positions. Whether the 
space © in which X,Y, *** are chosen at random is metric or not, we suppose 
that adistance has heen defined for the gpace 4 of global elements (X o. Fi. 

Let a denotea “certain” element of © and consider the distance P(a)= (LX), Lal) 
in A. If O(a) is finite for at least one position of a, one can consider the 
lower bound of (a) as a measure (associated with 4) of the dispersion of X. 
And if, in additjon, this bound is attained for at least one determination 
X of X, so that ¢ : 

global element [X] is the smallest, and therefore may be considered as the 


is a “certain” element of which the distance in 4 to the 


“certain” element most representative of the global element, one may consider 
X as a typical position of X (relative to the distance defined in 

When the distance ({[X], [a]) is infinite, one can try to extend the definition 
of the typical position in a manner analogous to that already presented. 


Part II. Stochastic Convergence 


8. Definitions of various types of stochastic convergence. One says that a 
sequence y, in a metric space D tends to x in D if the distance (y,. 
zero. When in each trial of the category C, the random elements 2s a 
chosen by chance in the same metric space D, are determined simultaneously, 
it may happen that in each trial, X, ~ X when n +. Besides this classical 
type of convergence of [X,] towards [X], the calculus of probabilities leads 
one to consider various types of stochastic convergence, in which a given 


, 


property of the classical convergence is realized except perhaps with a smal] 
probability when n becomes large. Among these various types, we consider at 
first the following and indicate other more general types later. 

X, ~X almost certainly as n +x; when the probability that X, ~ X, ina 
given trial, as n ~ © is equal to one. 

X, ~X in the mean of order k (k> 1) asn +n if 7(X,, x)* = 0 with I/n. 

x, ~X in probability as n-— « if, for each € > 0, one has 


Live {Prob. [(X,, X) sel} =] 


x) tends to 





= 
a 
‘ 


SR, 


Se ee em 
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X, ~X lawfully as n ~ © if the law of probability of X, tends* toward 
that of X when n = ow. 

One sees here again how the simple introduction of the notion of distance 
permits an immediate and far reaching extension of the domain of validity of 
the definitions for stochastic convergence of random numbers. 

It can be shown that if X and X, are points of a Cartesian space *, of s 
dimensions, where 


— ——————————— 
(mapa t me Law Bid 
at n 
‘j: 
the necessary and sufficient condition that X, ~ X almost certainly, or in mean 
n 
of order k > 1, or in probability is that each coordinate Y of X, converge 
n 
almost certainly, or in mean of order k, or in probability, respectively 
: { ) 
towards the corresponding coordinate X*/ of X One can also demonstrate 
that either almost certain convergence or convergence in the mean of a give 
order k implies convergence in probability. Moreover, if X, ~ X in probability 
when n + w, there exists a subsequence Y, = X,(,-) of the sequence A, suc 
that Y- ~ X almost certainly 
In certain very general cases, convergence lf! pr »bability I act al] 
equivalent to convergence in the mean of order k. In order to state sufficient 
conditions of this equivalence, we define the random elements Y of Lver 


pa 
family §§ of elements to be uniformly summable of order k, if for at leas 


one “certain” element a of ®, the numbers 


Y) for (a, Y)2n 


otherwise 


converge in the mean of order k te zero, uniformly or 


0, there exists an integer N, independent of Y, such that me ¢ 

for n > N and for every Y in §.) 
Moreover, if this property holds for an element a, it will hold for every 
“certain” element 6 of >. A simple particular case where the Y of % are 
uniformly summable of order k for every k 2 1 is that in which the Y are 


uniformly bounded in the sense that there exists a “certain” element a of 
and a finite number A such that (a, Y) < A in every trial and for every element 
Y of 3}. (Again if this holds, then for every “certain” element 6 of there 
exists a number B such that (6,Y) < B in every trial and for every } 


Now in order for convergence in probability of X, to X to be equivalent t 


the convergence in the mean of order k 2 1 of X, to X, it is sufficient that 
the elements X, and X be uniformly summable of order k. 
Stochastic convergence deduced from a distance We have se¢ sec. 
k 
that the expression /®(X,Y) can be considered as a distance ((\X), 1} 
of the global elements LX}, (Y). Thus convergence in the mean of order k of 


X, towards X can be defined, as in classical analysis, by means of a distance 
to say that X, converges in the mean of order k to X is equivalent to saying 
that the distance ((LX], LX] )) between the global elements (xX, ] and |X] tends 
to zero. 


It is interesting to show that convergence in probability may also be 


*We will make this definition precise further on (sections 13 and 16). 
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expressed by means of a distance. For this purpose we generalize the expres- 


sions that we have given in the case of random numbers. One may take for a 


new distance between the glohal elements (X), LY) the expression 
(5) ((( X¥ , Y ))) = inf { € + Prob [(X,Y) 2 €]}. 
e> 
It can be shown that: (1) this expression is a distance satisfying the 


conditions (i), (it), (iii) of sec. 1 (providing that two random elements are 
again considered equal when they are identical at each trial except for a case 
of zero probability), (2) to say that X, converges to X in probability is te 
say that the distance between the global elements [X,] and LX) tends to zero, 
the distance being defined as in Fq. (5). 


( ’ ? - } 

10. Complete spaces. We now introduce the notion of a complete metric 
space. It is clear that in any metric space 2, if the sequence of elements 
x1, 2 X3, °** is convergent then one has 

: | 
, ‘ i i 

(6 Lam (%,, sf *s { 

But the converse 1s not aiways true. We ay that the metri ° 
complete if the Cauchy criterion (6) is not only necessary but also sufficient 


for the convergence of the sequence x 

Now let us suppose that the random elements X, Y, *** are chosen by chance 
from a complete metric space 5. Let By and % denote the spaces consisting of 
the same global elements |X! Y], «++ but with the distances defined by 


formulas (4) and (5), respectively. Then one can show that the two spaces 


Op and are complete. 

As we have seen, convergence in probability an be expressed in tern 
a metric, uch as that given by (5). However our expres on has tl } 
venience of requiring the addition of unlike quantities. For example, WU 

j represent the measure of a length, and depend on the it ' 
whereas the probability term occurring in formula (5) is, of courss a pur 
number. To avoid this inconvenience, Ky Fan has proposed a different expressior 

for the case of random numbers) which applies immediately to the actu 

case. Namely, one may al express convergence in probability by means of 


another distance 
((((LXJ, LY) )))) = inf te 0; €*' Prob [(X,Y) > « 


Finally, one could use for the same purpose any of the infinite number of 
metrics representable by the expression Mf((X,Y)), where f(A) is a non-neg- 
ative continuous, increasing function, defined for A 2 0, zero for A = 0 and 
such that f(A+u) $ f(A) + f(A) for all A, uw2 0. 


ll. New types of stochastic convergence. Let X,Y, +** be chosen at 
random from a space © (metric or not). Suppose that a distance ({x], lY]) is 
defined in any manner in the space 4 of global elements. By means of this 
distance one may define a corresponding type of stochastic convergence: a 
sequence XA, will be said to converge stochastically to X (in the sense of 
this new definition) if the distance ({X,], X]) tends to zero. 


12. Limits of dispersions and typical positions. Beginning with a given 
definition of the distance ({X],[Y]) of two global elements [X] and LY], it 


can be shown that if X, converges stochastically- towards X (in the sense 








ROA Te 
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corresponding to the given definition of distance), then the dispersion D, of 
XY, converges to the dispersion D of 4, where these dispersions aré those 
associated with the above definition of distance. “a 


In the case in which each X, has a typical position 4, (also associated 


with this distance), one has 


: - 
D= lim (14), Bal }. 
And if, in addition, one can find a subsequen e of the @ which converges to a 
“certain” point athen: (1) X also has at least one typical position, (2) 
the limit a of XA, is one of the typical positions of X, 
13. Law of probability of a random element. We consider an element A 


chosen at random in a space “(metric or not). The law of probability is deter- 


mined if we know the probability that A satisfies an arbitrary condition Y. 
This condition will be satisfied for some points of © belonging to a set E. 
Thus, to know the law of probability of X is equivalent to knowing the values 
of the set function p(FE), which represents the probability that X belongs to 
the set of points E. It is always necessary to restrict to some extent the ar- 
bitrariness of E, Thus in the case where © represents a straight line segment 
of length one, and X is a point selected at random from this segment |with 
uniform distribution of the probabilities, we know that the probability p(E) 
is the measure of the set E of points of the line, and we must suppose that 
E ranges over measurable sets. We do not know how to assign a probability to 
non-measurable sets. 

Returning to the general case where © is any space, we shal! suppose then 
that p(E) is defined only for certain sets E called “‘probabilisable” (relative 
to the random element X). In order for the theorem on total probabilities to 
apply, we must assume that if two disjoint sets E, F (i.e., having no elements 
in common) are probabilisable, then so is their sum (or union), and if FE is a 
part of G, and E and G are probabilisable, then so is their diflerence G - E. 
Finally, p(©) = 1. Moreover, we take p(E) to be an additive*® set function 
defined on the additive family W of probabilisable sets. Moreover, if we wish 
to extend the theorem on total probabilities to the sum of a denumerable num- 
ber of incompatible events, W and p mst be completely additive. 


14. Distribution functions. We shall call the set function 
p(E) = Prob [X «€ E] 


the distribution function of X. One might object to this definition, since when 

XY is a number it is usual to determine the law of probability by an “appor- 
, at i 

tioning function” of the form 


F(x) = Prob [X < x}. 


That is, in this case it is sufficient to know p(E) for the special sets X < x, 
1.e., for the half-lines. But this is because it is possible to deduce the 
value of p(E) for any probabilisable set from the values of F(x). It is very 
clear that it is p(E) which determines completely the law of probability and 


*A family of sets is said to be additive if the sum of any finite number of sets 
of the family is also in the family. A set function f(E) is said to be additive 
if f(E; + ... + E,) = flEi) + --- + f(E,) for disjoint sets F;. If these statements 
can be extended to a denumerable number of sets, the family and the function are 
each called completely additive. (Ed. note) 
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that the know ledge of F(x) is just a simp] i fic ation, which solves the } roblem 
indirectly. Even in the most practical applications it is necessary to find the 
probability that a random point X belongs to one or to several segments, and 
it is necessary to deduce from F(x) the value of this probability. However, 
the function F(x) is certainly useful, and in the general case where X is an 
abstract random elemént, one might also like to be able to deduce the values 
of the set function p(E) from a function of one or more numerical! variables. 
There is a case, theoretically rather special, but quite general enough for 


applications, in which this can actually be done. 


15. Separable Metric Spaces. Let © be a separable metric space, that is a 
metric space S containing a denumerable set N: ap, a,, @,°**, sw h that 
every element x of S either belongs to N or is a point of accumulation of N 
(that is, S is the closure of NV). Then to each element x of S corresponds the 


sequence of numbers, which one may call the coordinates of x: 


= sys .s 2 = . « ‘ ) 

.. (x, a, e. .@.7, , x, \x,a, 1 as 
Evidently we have |x,| $ (x,a)), so that the coordinates of x form, for each 
x, a bounded set of rea! bers. One can prove that (x,y) = least upper bound 
of |x. - y.|, for n = 1,2,3, * * * In particular, it follows that distinct 


n "eB 
points have distinct sets of coordinates. 
By means of these coordi wee ne » the f the “appor- 
y means OT these coordinates we can generalize the notion < the appo!r 
tioning function” to the case of a random variable A taken from a separable 
metric space by defining 


(7) F(x,,%o,° * toM,p* 2 07 * Prob. XK, <x1,Ay<2o,> : <a 6s. Sf, 


where x1,%2,* + *,%,* * * are arbitrary real numbers*® If one prefers, one 
may substitute for the function F of an infinite number of variables, an 


infinite sequence of functions F, of a finite number of variables defined by 


F,(x,,%5,° ° -,x,) = Prob X,<x,,X,<Xo,> : -X <x, 
Knowing the function F is equivalent to knowing the sequence of functions F,, 
since one has F,(x1,+ + +,%,) = F(x1,x2,+ + ¢X,, +@, +@,+ + +) and 
i ? . . *x . . -) = im F ( . > . x ). 
F(x,,%o, p? lim a * 12 » x, 


From the function F or functions F, for X, we may deduce the expression 


G { . . . . PX. . ej) ez ro < < S y . 
7 Xi,%o, ¥i-J2 = Prot Lx,SX, ¥1»%sX,< 2 
= ] Tr Pp ) <X < » 6 6.8 <X <y 

oa rol Rye SVy oR RB YR 


= limO F_ (x,,+ + «,x_), 
n n 
where 4, denotes the nt* difference of F,, (x1,+ + +,%,), when we give to x, the 
increment ye - x, 12S k Sn. It follows that if we know the apportioning 
function F for X, we can find the distribution function p(E) for the simple sets 
(8) By BZ Ay < Hynes 2 2, ® Sa < 2.,38 » 6 


which might be called semi-open parallelopipeds. By means of the theorem of 
total probabilities one can then find the value of p(E) for all the sets that 


can be expressed by a denumerable sequence of additions or subtractions of 


*We suppose that the sets such as those written in the brackets are probabilisable 
This is the generalization of the hypothesis made implicitly in the case where X is 


a random number. 








“ 
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ON TWO NEW CHAPTERS IN THE THEORY OF PROBABILITY 1] 


parallelopipeds of the form (8). 

In our memoir cited above (p.4), we show how the coordinates of X may be 
given a simple significance. 

16. Lawful convergence. Let P,(E), P(E) denote the distribution functions 
of X,,X, respectively, where X,,X are elements chosen at random in a metric 
space D. It can be shown that, if X, converges in probability to X, P,(E) 
tends to P(E) for every set E such that the set function P(h) is continuous 


, 


for h=E, It is necessary to make the meaning of this last restriction precise. 


[t is sufficient to suppose that if f is the boundary® of Z, then P(f) = 0, or 
what is the same thing, that P(i) = P(E) = P()), where 1 denotes the interior 
of E and ) the complement of the interior of the complementary set ® - E, 
This definition not only suffices to make the above theorem true, but this 


condition P(f) = 0 is necessary in order that the theorem be correct, that is, 
no less strict definition of continuity would do. We are then led to say in 
general that Y, converges lawfully to Y when the distribution function 7, (F) 
of Y, converges to the distribution function 7(E) of Y for every set E such 
that 7(h) is continuous for h = E, 

We have just seen that convergence in probability implies lawful convergence. 
However, as is known in the case in which ® is a line, the converse is not true. 

One can obtain a necessary and sufficient condition by generalizing a 
proposition obtained by Kozakiewicz in the case of random numbers. We have 
shown that if X and the X, are chosen at random in a metric space ® which is 
separable and complete, then putting 


p, (E,F) = Prob [X, € E, X € Fl 


(E,F) = Prob (X, € E, X, € FI, 

the necessary and sufficient condition that X, converge in probability to X is 
thet p_(E,E) converges to P(E) foreveryset E for which P(h) is continuous for 
h=E, Un the demonstration, it is assumed that every sphere is probabilisable 
for X, for X, and for the pairs X,X,. The condition that 2 be separable and 
complete doesn’t come in except in the proof of sufficiency). 

It is interesting to give a condition for the convergence of X, in proba- 
bility not involving the knowledge of the limit X. In order for the sequence 
X, of elements chosen at random from a separable, complete metric space to 
converge in probability, it is necessary and sufficient (1) that Py aE) 
converge as 1/n + 1/m~ 0 when E belongs to a certain family ® of sets, (2) 
that the limit 7(E) thus obtained has the properties of a distribution func- 
tion, that is that 7(E) is a non-negative completely additive set function with 
m(D) = 1, (3) that the family 6 contain all the sets E such that 7(h) be 
continuous for h = E, If these conditions are satisfied then, if X is the limit 
of X, in probability, one can take 7(E) as the distribution function of X. 


Pie 


17. Almost certain convergence. Let X,X;,X2,- + + be chosen at random in 


a metric space 2», let C designate the event “convergence of the X, in one 
trial, and let |’ designate “convergence of X, to X in one trial.” One can 
extend the formula of Kolmogoroff established for the case of random numbers 
to this more general case, as follows: 

(9) Prob P= lim { lim (lim Prob [[ .(€)])) 


e-6 n-@® a-m@ ° ’ 


*The interior i of £ is the set of points X of FE such that each x is the center of 


a sphere: (x,y) Sr lying entirely within £. The boundary f of F is the set of points 


of D which belong neither to i nor to the interior D- j of ® - &. 
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where - a (©) is the event consisting in the simultaneous realization of the 
relations: 


(X,Xna3) < €, (TiAngg) < €,+ + +, (21,4) < €, 


and similarly, if we suppose that the space ® is complete: 


(10) Prob C = lim { lim (lim p,o) (H e)))}, 


€~0 n-O® s~-® 
where Hy a (©) is the event consisting in the simltaneous realization of the 
relations: 
iaseese? <@, Gaskets? < €,* - +, Ue) < €. 

From relations (9) and (10) we can immediately obtain conditions for almost 
certain convergence involving a triple limit. By generalizing a remark of 
Kozakiewicz, however, we can restrict ourselves to double limits and state: 
when the X, and X are chosen at random in a metric space, (1) the necessary 
and sufficient condition for X, to converge almost certainly to X is that 


lim (lim prob FP (e)) = 0, for every € > 0; 
nw-2 g-@ os: 
(2) for X, to converge almost certainly (when ® is complete), it is necessary 


and sufficient that 


lim (lim p.op A. €)) = © 


na~@ a~-@ 
for every € > 0. The condition that 9 be complete is not used in the proof of 
the necessary condition. 

One can also formulate the conditions for almost certain convergence by 
means of functions analogous to distribution functions without using the 
distance (explicitly) in the definitions. When X and X, are chosen at random 
in a separable metric space, the necessary and sufficient condition for X, to 
converge almost certainly to X is that 


p(E)=Prob [X« E]= lim lim pyoh [xe k, X €E, X.,€8,+ - + XE] 
for every set E such that p(h) is continuous for h = E. The hypothesis that 9 
is separable is used only in the proof of sufficiency. When we know only the 
X's: we can say that if they are chosen at random in a separable and comlete 
metric space 9, then in order that X, converge almost certainly, it is 
necessary and sufficient that if in the expression 

Prob IZ, ¢ E, Xn4; ¢ B,- + +, X, ¢ B) 
we let m and then n tend to infinity: 

(1) the expression tends to a limit when E belongs to a certain family ~ 
of sets, (2) that this limit 7(E) be a distribution function, (3) that the 
family ¥ include all the sets E such that 7(h) is continuous for h = E. When 
those conditions are satisfied, we may take 7(E) as the distribution function 
of the “almost certain” limit of X,. Once again the hypothesis that ® is 
separable and complete is used only for the sufficient condition. 


18. Stochastic continuity. When to each value of a real variable t there 
corresponds an element X(t) chosen at random in a metric space 9, the set of 
values of X(t) defines a random function (not numerically valued) of t. It is 
clear that to each type of stochastic convergence there corresponds a defini- 
tion of stochastic continuity of X(t). We refer to our memoir cited p. , for 
the study of these various types of stochastic continuity. 


Institut Henri Poincaré, Paris 














we | 





ON A GROUP OF CONTACT TRANSFORMATIONS 


Nilos Sakellariou 


Re It is known that an element of contact in the Euclidian three dimen- 
sional space is the set of a point and a plane which passes through this point. 
Such an element is defined by its five coordinates; these are the coordinates of 
a unit vector perpendicular to the plane [1). 

In the present paper we consider a family or a mltiplicity of elements of 
contact depending on a parameter. An element of this mltiplicity is defined by the 
vector of its point X, that is by OX = x ( x,, Zo, x )= x ( x, he es me ae 
and the unit vector AT = f ( ¢t,, t,, ts ) = F ( t. }. which is perpendicular to 
the plane of the element and lies on the plane-direction ( P ) of the element, 
whereby XB = § ( 6,, 6,, 6, ) © Bb ¢ 6. ) is the unit vector perpendicular to 
( P ). The space is referred to a set of dextro rotatory rectangular axes 
OX; Xp X,- We consider the straight line which is determined by f as tangent 
to the edge of regression of the developable surface, which is tangent or 
circumscribed to the mentioned multiplicity. If the element is transferred on 
the direction of the straight line of f to a distance c, X” is the new place 
of X and Ox? x5 x} is another set of dextro rotatory rectangular axes, the 


~we - 
vector OX = x* ( x? ) is referred to the x?-system, then we say that we 


submit our multiplicity to a group of transformations 


aay {*7 4? + G:ti-c, ) = Ba a 3 


3 
t=a.t 
ae 


where @. = OA. are unit vectors of the x,-axes and a, their coordinates with 
respect to the x?-system. C and a; are (real) constants. These a,, are the 
coefficients of an orthogonal transformation with determinant 


(1.2) Ja, <I = 5 = +], and they satisfy the relations 


a &, % i) ; 
(1.3) + 7 8 6) 60 s«or 1 according as j) # k or j = k. 

2 lt Sie | 4 
We determine our mltiplicity as one-parameter family, the elements depending 
on an invariant paramater “, which is the angle of f with a fixed direction. We 
will find invariant expressions ( 2,3,4 ) concerning ovr mltiplicity submitted 
to (1.1) and some properties and relations (5) existing between the edges of 
regression of the tangent, the polar and the rectifying surface of the mlti- 


plicity respectively to (1.1) and between the locus of the multiplicity and 
and the edge of regression of this tangent surface (6). 


2. Suppose (S) is the developable tangent surface of our multiplicity and 
(Y) the edge of regression of (S). Let s denote the length of the arc of (y) 
and £, 7 their radii of the curvature and the torsion, 5 and 7 are the unit 
vectors of the binormal and the tangent to (y) referred to the x;-system, and 
if nm (n,) is the unit vector of the principal normal of (), we will have (2) 





dw = \(dt)* = V(dt,)* (dt,)* (dt,)* 
(ds*)? = (ds)? + 2-dt-dz + (dw), 


where s* is the corresponding expression of s with respect to the x*-system 
after the transformation (1.1), and 


(2.1) 
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ds ds 
ca.2) ——"——_- = — = 2. 
U(dt)2 dw 


According to Frenet’s formulas we have 


oo oe ee oe 


w ds dw 


that is, 


dt . 
dw 


(2.3) a. +L 
dw T 
db. os 


dw T 


We know that |? 7 5] =] and therefore ZI ¢ dt l or 


ee 


t_d tf). 


» (de > -1 and 


dis 


(2.4) 2 7 ot Oey, 
T dw (dw)? 


Let o*, T*, t*, n*, 6°, denote the correspondents of 9, 7, t, n, b, with 
respect to the x*-system. Then we find by (1.2) and (1.3) that 


(2.5) (dt)? = (dt? 








eo dt* d*t* | . i> dt dt 
on I dw ra . dw (Ge)?! sal 
(2.6) Gs e. 
7T*? 


= wt Be I (db)* oe. (db*)2 
V(db)2 (dB) tN (dt)2” 7* SV (dt*)2 
Combining this result with (2.5) we obtain Y(db*)? = J(db)*. Therefore 


.. I (dt), I (db)? of the curve (y) are invariant for the transformation (1.1). 


In addition we have 





3. We now ask to find the distance of the point X from the intersection 
of the normal planes at X and X' (z + d¥) of (vy). The equations of these 
planes are [3] 


(3.1) (X-x2)*TF=0 


(3.2) (¥-z)-dt- 7-Ba 0, 
dw dw 
and the distance p, of X from the intersection of (3.1) and (3.2) is equal to 
the distance of X from (3.2), for &d® = 0, and then we have by (2.1), 
Ps stds . . te 
¢ (dt )2 dw 


intersection of the rectifying planes to (y) at the points X and X’ is, by 


(2.3), P. * Ag. The distance p, of X from the intersection of the 
dw + pe 
2 


- 
osculating planes of (y) at X and X’ is given by P, 





. Likewise we find that the distance P,, of X from the 





t Per Phe Pp 


o -Thdz Le 
p 
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be the corresponding expressions of Poe Fs Py. We will then have by (2.5), (2.6) 
pe = =t°de’ pe. _ Idk’, p2, pe = -2-b*-22°, But by (1.1), (1.2) 
. dw ” dw po f dw 
and (1.3) we find that t* dx” . t dx "* dz” . 7) dz , Cc, b* dx” . b oS and 
dw dw dw dw dw dw 
* —— oe 
therefore - = P,, Py, * Py. Pr =P, ¢ a We put 
ae 
(3.3) 4-7, 7 @-n, bE B, 
dw dw dw 


and we find 
(3.4) T° = T, Bo = B, N° = N+ c, 

That is, T and B are invariant for the transformation (1.1) but not N. 
4. By use of (3.3), (3.4) and (2.3) we find the following expressions 
(4.1) dT’. dT dt. Ruz. d*z 








dw dw dw dw (dw)2 
(4.2) @N. aN 
dw dw 
(4.3) dB*_ aB 
dw dw 
= 2- = et 
(4.4) t28,.2 nN d™z_ 2 IN,e~T_.P.-B, 
(dw) dw ” (dw? dw T 
dt. d*% 





If we put =—- = N,, we will have GN N, -T + P-B 
dw (dw)? dw T 
= 2- 
(4:5) &-28 = Bee. ny, 
(dw)? dw 7 
All these expressions except (4.4) and (4.5) are invariant. 
a. We will now seek to find how the edge of regression of the polar 
surface of (y) will be transformed. In order to find it we make use of 
(5.1) (X-2)t = 0 


and we have (4) (X - x) 9¢-% 94% = 0. By (2.3) and (3.3) 
dw dw 


(S.2) (X-#)°H#T 


a 
a. 
™ 


and furthermore (X - 3) ra .7&- at or by (2.3), (3.3) end (S.1) we got 
uu 


dw 
(5.3) (X-z)b=2 w+), 
p dw 
We put re e At + A, + As b, A; are independent from t, a, b, and we 
find (X -%) t= A, = 0, by (5.1) 
(X - %) 7 = A, = T, by (5.2) 
(X-z) b= dA, = 7 we 4), by (5.3) 


p dw 


and finally X = x + ™ +2 (N+ aT) 4, 
Pp dw 
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For the transformation %*= % 4 ct, because fi, 6 satisfy the system (2.3) 
with the same initial values, we will have 


yYeXe(ee2 b) Cc, 
x" Ys. cyp? + 72 pt + Tb 


p lp2 + 72 


° 

| 
“ 

= 





tee 0.2. TR... in 
J p2 + T2 

Thus we see that: the point X of the locus of the centers of the osculating 

spheres of (y) will be transferred on the rectifying straight line of (y) 


a distance ‘ Ip2 + T2 . 


the unit vector of the rectifying straight line of (y). 


For the edge of regression of (S) starting [5] from the equation 
(X - %)b = 0 


we likewise find that for the transformation x* = x + ct, 
x* =X and for (1.1) 
— d(BZ) De, ie 
© 8° © | aueke-- GY ¢ €C) t - —B 7, 
dw p 


>| 


If we use the transformation %* = % + cb and consider as invariant parameter 
the angle of 6 with a fixed direction, then we will get the conclusion of 
A. Haimovici [6]. Finally for the edge of regression of the rectifying surface 


of (y) we find BL-T+dN 8 : 
X=z+/_2 dw | - (2t +b) - NF, 
d (2) | 
dw T 
and for ** = = +ct, X* = X, 
6. We now put rs a ut + M7) + 4b, HM, are independent from t, A, b, and 
we obtain - di - dx = dz 
t =p, *T, 7 dt. thes N, b de "°° B, and consequently 


(6.1) BS Ti+N7 +Bb. 


w 
We suppose that T= t a . t, dxi + t, dx2 + t, dxa = 0). 

dw dw dw dw 
In this case the tangent straight line to the locus of the elements of our 
multiplicity, let it be denoted by (¥,), is perpendicular to t of the edge 
of regression of (S). If we furthermore suppose 


B=} @- 0, we will have 
dw 


d=. us 
- N7. 

If s, is the length of the arc of (Y,), we will have 
(dz)? = N*(dw)?, ds, = Ndw. 


With t,, Ay, 6, we denote the unit vectors of the tangent, the principal 
normal and the binormal to (Y,). Thus we have 


_ dx - 
t =z “Zs zs q 
* ds " 





POO 
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dt. = on = Ne 
ds, Ndw Ve 


O, is the radius of curvature of (¥,), and 











se jee N 
Ta= (-€ +256). P. = == 
Ps T N a | + L 
T2 
On the other hand we have 
Y.% 6» eect ee 
Me = So 5 Mee GH Te OF ¢ S. 
and 
. - (t - = b)d) 
(6 2) db, = zs - i. 
a a 
N - ! + =| - dw 
where 7, is the radius of the torsion of (Y,). From (6.2) we get 
d(&) d(&) 
1 s ae ae es mt Fae 
%. hse te 
{ ee \ at 
and therefore = is invariant for the transformation (1.1). If © is constant, 
* 
then we will have a = 0, that is, tf the edge of regression of (S) is a 


curve with constant inclination, e.g. a cylindrical curve, then the orthogonal 
trajectories to their tangents are plane curves. 





Differentiating the expression WN * 7 a we obtain by (2.3), (3.3) 
w 
‘ - a 
(6.3) @N=.-r+Op+ dt. dz . 
dw T dw (dw)? 
If we take T= 0, B= 0, Vv, = 0, wewill have N = constant, and putting 
N= 0, we have dx, = 0, Z,*¢,. For ¢, © 0, we have zs, ° 0, that is, 


un this case all the planes (P) of the considered multiplicity pass through 
the same fixed point. 

| We now suppose that 7, B, N, p 
consider the system (2.3) and the equation (2.4) with respect to t. The solu- 
tion of (2.4) determines t as function of w nearly to a rotation. We can 


lr 


are given as functions of # and we 


consider the system (2.3) as one of Frenet’s for a skew curve with curvature 
1 and torsion (/T. The set t, n, 6 is a particular solution of (2.3) and the 
general solution of it, is 

Wi ££ *@¢,, 8° *t4,, 8° ¢ 3,4,, 

ta , @ a 

wherby a,, are the coefficients of an orthogonal transformation with determinant 
equal to 1. By (6.3) we see that N can be determined by 7, B, N and an arbi- 
trary constant. If N is a particular integral of (6.3) its general integra! 
will be N° = N +c, c * constant. 

On the other hand we have (6.1) 


(7.2) aS Tt +N7 + Bb, 


uw 
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and x is a solution of this equation corresponding to the integrals of t and N 
» » » «2 , on . 
of (2.3) and (6.3). Thus the general integral Z” of (7.2) corresponding to the 
general solutions of (2.3) and 3) will be given by 
sain = = 
dx*. T*t* + N*n* + B*b* or by 
du 
_ 7 
ax". T7* + (N + « * + Bb that is, | 
dw 
a @ 
ax = la t + N + ¢ a ++RG } I 
lw ) J 
g°. (3 Gea + Hs = « (b 42)b Gq 
au du J du } dw 
- d it. 
7 dx*. a ste + ( ; ——2 
du ) du J dw 
and na y x* =@ *z + ca.t + ( P ( 1s 2 constant vector Re ipr Lly 
) J ss. 
the equations (7.1) and (7.3) determine an one parameter multiplicit 
e lement ot contact, atis tying the reiation 
qo -dx°- 7.9% =] 
1u tu 
12—% 2= 
~* ax o- re a . 3 
-. N. 
(dw) * (dw) * ' 
be : dx* =} ‘ dx = B 
dw du 
i 2- 
t* dt* .. s .& 
du (dw)2 
Pp 
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THE COMPLETE QUADRILATERAL 


Henry E. Fettis 


(1) A complete quadrilateral may be defined as the configuration of four 
lines in general position, and the six points which they determine. The four 
lines will be referred to as the sides, and designated as (1), (2), (3), and (4). 
The intersection of any two sides determines a vertex, and these will be 
designated by the letter “A” with a double subscript indicating the two sides 
by which the vertex is determined. In particular, the intersection of sides (1) 
and (2) determines the vertex Ayo, etc., Fig. l. 








Fig 1 


Points which are definitely associated with respective sides are also desig- 
nated by the proper subscript; in particular 0, is the circumcenter of the 
triangle which would be formed if the side (1) were omitted, H, is the orthocen- 
ter, and N, the nine-point center of this triangle. Collectively these points 
may be designated as 0;, H;, N,. 

The following properties of the complete quadrilateral are well known, and so 
are recalled without formal proof: 

(a) The four circumcircles are on a common point, F, and the four circumcen- 
ters are on a circle through F. F is commonly called the focus, and the circle 
on the circumcenters, the centric circle of the quadrilateral. 

(6) The four orthocenters are on a line which also contains the images of the 
point F in the four sides of the quadrilateral. This is the directrix, or line 
of orthocenters. 

In order to prove Theorems (1) and (2), the following two lemmas will be needed: 

Lemma 1. The four triangles of the quadrangle 0,0,0,0, are directly similar 
to the respective four triangles of the quadrilateral, and the center of 
similitude in each case is F. 

To demonstrate this, we note that 4 F0,0, (Fig. 1) equals half the arc FAy of 
circle 0, as also does 4 FA,,A,,; the two angles are therefore equal. Similarly, 
< F0,0, equals <¢ FA, A, 4) whence triangle FO, 0, is directly similar to triangle 
FA, 4 ” with F as center of similitude. Applying the same reasoning to triangles 


F0,0, and FA, A. F0,0, and FA, Az, it is seen that F is the center of 
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imilitude of tria é , and A,,A,,A und similarly r the remainir 
ree triangles of the wadcri teral 
Lemma < The orthocenter of the four triangle f the quadrangle UU, 
e on the respecttve ides the given quadrilatera 
Thi ay be eas} ee tr the tact that t erpendl aT 
f tor I FA, » ef ( t it 1deé ntalt t are I the int f l 
4 
e si f the triangle 7 8 ere fore e ol ente f 
thi riang le so re Art 
Mak ise « ‘ t st t 4 e} f ¢ ' 
ladTa l é i lua ran é wT é t¢ are é 
alle to the lve ¢ f I wil é lit iineda 
"af itne iré Irauwr a ign the cur IMC € te the P| r f 
m et yuaar iter ira el t tne respeé five é the 
idrvitiatera l yu t the Lver ne ind the Lr nter é r 
i uig Leé f thi iadr itera re on the é the ¢ ne 
Theore l The perpendiculars t the Euler ine thre ir tr I 
mplete quaadart ter t the nine- int nter ire ’ rent, 
let P be the circumcenter of 0,0,0,0,, and R the circumcenter of 
' r 3 4 4 
Fig. 2). Then in the direct imilar triangles U,0,0, and A. A A i rre- 
nds to 0, and VU, corresponds to H,. Thus triangle FPO, is direct imilar 
| 
t FO,H, whence FP:FO, = PO, atts ind, also, the angle between PO, and 
WH, 1 the angle pe twee! FP and FO, Furt ermore, since Pt RU 1s 5] ira le O- 
ram, PU, 1s equal and paralle! t 0, Therefore, the angle between FP and F 
is the angle between 0,# and 0,H,, and FP:FO, = 0O,R:0.H, t t triangle 
FPO, and 0,RH, are directly similar. But FPO, is isoscele l)a, whence 
triangle 0,RH, ts 1soscele ; oS. the perpendicular hi ector 1 H, Da f t ! R, 
Repeating the argument tor the ther three triangle it ear that the 
four perpendicular bisector ire concurrent at R 
Theorem 2. The perpendiculars from the nine-point center tf four 
triangles tc the respecttve t.des are concurrent, 
Since the retiectior f F in the four side tT the wdrilatera l€é tne 
re ft ortho« enter ' aT the retiection oT k T t he ides T P lé 
ide (1), the laine rthocenters and the side 1) are correspor art 
elated to the directly imilar triangles 4, gAogAo; and 0,0,0,, whe e the 
angle between these line 1 the ingle between any two ther cor responding part 


from N, and R (1) line of 
intersect at vv. the angle \. MR equals the angle NHR 


Thus if perpendicular to and the 


pective ly 


whence 








orthoc enters re- 


sothat the quad- 


rangle N ,RMH, is cyclic, whence H,MR is a right angle, and M is on the ine 
f orthocenters. 

The four perpendiculars from the nine-point centers tothe sides are therefore 
oncurrent at M, the foot of the perpendicular from R to the line of orthocenter 

Lemma 3. The lines QU;S,, which trisect the angles between the sides of the 
yuadrilateral and the lines QR, in the sense (t),Q.S, = 1/3 (i) QR, 
ire parallel, 

For we have (Fig. 3) (1),Q.R = Q RQ. + (1 ), QR Als« 
U RQ = Z 0.P0 = 2. ae wey and (1),Q0.R : () OR + (1), (7) 

J t J t “% ) 
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Theorem 3. The sides of the quadrilateral are tangent to a deltoid which 
ts circumscribed to the circle on the points Q; 

Let R be the circle on the points FP and let the circle rT, be described 
equal to the circle R, and tangent to it at the point Y;, intersecting side (1) 


at " , and RT. produced at V.. Also, let side (1) intersect the lines throug! 
t 


} Me r > = > ; > =- 
R, parallel] te ¥.co,, at U.. Then (1),QO.R =. U.l R + U.RQ.= 
tot t 1 : a t t 
i > > ‘ ) ) 
 U.RQ. + Z U.RQ. = 3/24 U.RO and V.7T.W. = 22 (1),0.R = 32 UR 
t t : =< i i se a t i l 
} b he ce . na y _ Ait + } e hea le f ¢ } 
whi is the necessary and uflicient condition at the Lae l tour a 
‘ 
deltoid circums« ribed to the « ircle R, Since the lirectior I hd 1 the ite 
t ‘ 
forall four sides, eachside of the quadrilateral is tangent to thi me deltoid 
The Theorem of Steiner, that the pedal line )f a triangle are tangent t i 
deltoid circumscribed to the nine-point circle, 1 1 special case of the above 
as may be seen by considerir the quadrilateral formed by a triangle and the 
peda | line of any point, re tive to the triangle In this case, the focus F I 
the quadrilateral is the point itself ind the center of the centric circle 1 
the midpoint of OF, where the circumcenter i the triangle The enter! I 
the ¢ { l 1 thr é nt t f t ircie l is the ine- 
circle Furthermore the ! ( the ¢ l l given t the directi I 
the trisectors ft he line ining R to the point LF. « and three of tl 
i 
: } +} , ] } 
points are evident t\ e midpoint ( the ide the triangle Tt 
le ltoid which touches the ides of a triangle and any pedal line 1 LI n- 
scribed to the ninepoint circle and has a fixed position determined by the 
direction of the trisectors of the angle oining the nine-point center to the 
f ti } 1 ] f 
midpoints of the sides, and must therefore be tangent to all pedal lines 


the triangle. 

(2) Theorems 1 and 2 may be combined to furnish a proof of the following 
property of the quadrilateral! due to Howard | ves." 

“If one side of a given complete quadrilateral is parallel to the Euler 
line of the triangle formed by the remaining three sides, the same is true 
for every side of the quadrilateral,” 

For, let it be given that Of, is parallel to the side (1). Then, since the 
perpendiculars to the Euler lines at the four nine-point centers meet at M, and 
the perpendiculars from the nine-point centers to the sides meet at KR, and 
since 0;H; is parllel to side (1), it follows that R lies on N;M. But RM is 
also perpendicplar to the line of orthocenters at M, so that R and M must 
coincide. This, of course, requires that each of the other Euler lines be 
parallel to its respective side, as stated in the theorem. 

The above argument is evidently not valid in the exceptional casé when the 
given Euler line coincides with the line of Orthocenters. However, in this 
case it may be argued that since 0; lies on the line of orthocenters, P must 
lie on the side (1), and since PO; RQ; is a parallelogram, R mst lie on 0;H,, 
or, R mst coincide with M. 

REFERENCES 
(1) Morley, Frank and Morley F.V. Inversive Geometry. Ginn and Co., 1933 


(See Art. 141 for proofs of theorems 1, 2, and 3 by analytic methods) 
(2) Johnson, Roger A., Modern Geometry. Houghton Mifflin Co., 1939. 


' The geometric properties of this curve are discussed in the article Geometric Prop- 


erties of the Deltoid, National Mathematics Magazine, Vol. XIX, No. 7. 


National Mathematics Magazine, Vol. XIX, No. 8, Problem No. 617. 











ROOKS AND RHYMES 
H. W. Becker 


Kaplansky and Riordan have “unified and generalized” various results in 
statistics, in terms of the Problem of the Rooks, on a trapezoidal chessboard. 
A key theorem is: “the number of ways of putting c non-attacking rooks on a 
right-angled isosceles triangle of side r-l] is the Stirling number 


ree O/(r-c)!” = — In other words, this is the number of selections of c 
points on such a board, such that none have any row or column index in 
common. [1] 

We will exhibit well-ordered tables of these point sets thru r= 5, in 1 ti 


| correspondence with the sequations (rhyme schemes) also enumerated by Stirling 
numbers [2,3]. We will then formulate other classifications, with respect to 
2) row location of the topmost rook; 3) number of rooks on the principal 
diagonal; 4) column vacan ies; 5) column location of the bottom rook. Each of 
these except 3), of course has a dual interpretation, under interchange of 
row and column. 

In Table I, the row index precedes the colunmm index, and a vacant board is 
indicated by 0. The index 11 is at the top of the board, away from the observer, 
with rr at the bottom diagonal corner nearby on the right. 

The sequations have further isomorphs in the substitution cycles (4). All 
the rhyme repetitions of the kth letter correspond to all the letters in the 
kth substitution cycle. Thus the sequation aaaaa corresponds to the distribution 
or substitution cycle (abcde), while the sequation abcde corresponds to the 
distribution a/b/c/d/e, etc. These correspondences are too easily read off by 
inspection, to need printing here. 


a aa aaaaa aaaaaaaaaaaaaaa 
a b aabb ob aaaaabbbbbb66 6 6 b 
0 a b abe aabtw$bbaaabobosbeecee 
ll 0O s8s<640¢e60%8e¢esn & a bcd 
11 11 21 22 O 
22 URRBHRUIUARABwAAaIHRwTS SG 
22 22 32 33 32 33 31 33 
33 

qaaaaeaceaaacaacaaeaaqaqaaaaeaaeaaaacwriaaaa 
@aaaaaeaagqzceaaaeaeoaaaaobbd5b6b6bb6b66 6 6 6 6b 
aaaaabobbbbbbbb6baaaaaaa aa b 
aabwtw$b6baaabtb6be¢eccceaaabdb6b6ceeea 
ababwb6eabcabeabedabwbp=eab=eabeda 
MAR eBeReiaRRRHRMRRAAAaBAARARAAAaA Hs 
22 22 22 22 22 32 32 32 33 33 33 42 43 44 32 32 32 33 33 33 42 43 44 3] 
4 33 43 44 43 44 42 44 43 44 42 44 43 
@aaceaeaaeaaeaaaacaaaceaaceaaeaeaeaaaaa 
6b bbbbbbbbb bb bb bt kbkllklkkllkllkkllklllkllClklllktlClk Ck 
66 6b66bb6bb6bbbbeccececececeeceecee c Cc 
aabwb6b6be¢e¢eccceaagaabt_bbbecccedddeda 
b6cabteabwbedabedabedabedaobedee 
22 22 22 22 22 22 22 22 22 31 31 31 31 32 32 32 32 33 33 33 33 41 42 43 44 0 

+} 31 a a 33 41 43 44 42 43 44 41 43 44 41 42 44 


Table I 
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The sequations are in lexical order, as they would appear in a dictionary, 
or directory. Each set of c rooks on the r-l board is made to correspond with 
a sequation in  & that is, one having r letters, r-c diflerent. Whenever a 
sequation increases its range, goes from 4, to tadlvet« the corresponding set 
of r-c rooks is unaltered on the larger board. Otherwise, when it goes only to 
c@-4, there will be an additional rook which may be located in any of c squares 
on the added bottom row. That is the significance of the recurrence 


(1) ee A = a + (r-c) + as : ' . eet #,. 2° (r-e) + 


We observe that rook sets totaling ‘Dr the upper one of which is in the 
qth row of the r-board, occur together in the lexicon, and correspond to sequa- 
tions whose first g letters are distinct, followed by a repetition. These last 
are known to be enumerated by 


(2) SOR = qe@_(q) = q°(@ + g)r9 


We adopt the convention in Table II that site = 1, the vacant board. 
i Riin £ . Bin. J .-s 2 S48 st 
r 
0 l ] 

] ] ] ] l 

2 =< a 2 2 1 

» £ §,3 1 5 6 3 1 

4 15 20 12 4 1 15 20 12 4 i 

> 82wWRB S ] i, ee a ia ae 

6 203 302 231104 30 6 1 203 312 225 100 30 6 1 
Table II, ‘9 )R. Table III, 9R, 


Tables II and III are identical thru r = 4, then deviate more and more. It 
is inherent in the mode of ordering the rook and rhyme schemes, that whenever 
we append a letter just equal to the range or previous high letter to a 
sequation, we add a rook in the outer or principal diagonal of the corresponding 
rook pattern. Then if 7R_ = the number of rook sets on an r-board, with q rooks 
on the principal diagonal, we have, (r,q) being a binomial coefficient (r),/q! 


- “4 = 7+! - ‘ 
(3) 9R, = (r,q)°R,., @ = (r,q)@ 


1 q 


The latter expression denotes the number of sequations of r+l letters 
having qt] letters just equal to the previous high letter of the sequation. 
This table has two other rhyme interpretations: with g+l as the number 
of a’s (also the number of substitution cycles of r+l letters with q+1 letters 
in the a-cycle); and—the rows written in reverse order—g+l is the number of 
changes, or non-repetitive pairs of consecutive letters. 

The evolution of (3) is: add q outer diagonals to the (r-q)-board, and 
permute the q rooks on the principal diagonal and intersecting columm-rows, 
in all (r-q) ways amongst the patterns of R.. 


q° 
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Let oh. = the number of patterns on the r-board in which the cth column 


is empty. If we adopt the convention that oad R_ = R., Table IV is the same 


as the difference table of R. = _ = with the rows and columns interchanged. 


Or, in terms of the operators JY and E such that VU. = - l +» and 
= , 1 n n \ A- 
E U = U.. ,, SO = ]1-E ‘ 
; —Pe ee 1 o¥ recel 2 J c-! 
(4.1) ~ oa R 2=(1-E R = (1 +& a. 
c r r r r- 
These follow by induction, working either way from the obvious 
eS. Rk VR. om * By 
ioe ,R. = R 
The process 1s the same as in the Problem of the Incompatible Mechar 
whence the correspondence ! R. = the number f norn-attacking rook 
. 


patterns on a right triangular chessboard of side r and ctW column vacant 


= the number of organizations of r+l men into crews under the restrictior 
that one man is incompatible with and must be segregated from r-c other 
men. 

c ] 2 3 4 5 6 7 (c) 0 ] 2 3 4 5 6 

, 

0 ] l 

] l 2 ] ] 

2 2 3 5 ] 2 2 

3 5 7 10 #15 l 4 5 ) 

4 15 20 27 37 & ] 9 12 15 5 

5 2 67 87 114 151 203 1 24 32 42 52 52 

6 203 255 322 409 523 674 877 1 76 99 129 166 203 203 


Table IV, e R Table V, ,.\R 
r Lc r 


r 


Let R_ = the number of patterns on the r-board such that the botton 
(ec) I 
rook is in the cth column. Then it is plain that 


the summation being between c-l and r-l, a notation which facilitates printing. 
The ¢.)R, may be given absolute evaluations as polynomials in R or @. Abbrev- 


lating Pins @ - @.), we have 
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_ 


Snow & WwW DD 


8. 


Omaha, Nebraska 


3) 


4) 
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(3) re2 r) r-1) 
cay", @, + 20.4, +4) -! 
cry, ~ (Fr 1) R= @. 
(r 2)R, é. 7 eo . @. 2 
R =@ - 2 . + 2@ 
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CURRENT PAPERS AND BOOKS 


Edited by 
H. V. Craig 


This department will present comments on papers previously published in the 
MATHEMATICS MaGaZzINe, lists of new books, and book reviews. 

The purpose and policies of the first division of this department (Comments 
on Papers) derive directly from the major objective of the MATHEMATICS MAGAZINE 
which is. to encourage research and the production of superior expository 
articles by providing the means for prompt publication. 

In order that errors may be corrected, results extended, and interesting 
aspects further illuminated, comments on published papers in all departments 
are invited. Comments which express conclusions at variance with those of the 
paper under review should be submitted in duplicate. One copy will be sent to 
the author of the original article for rebuttal. 


Communications intended for this department should be addressed to 


H. V. Craig, Department of Aepttes Mathematics, 
University of Texas, Austin , Texas. 


Elementary Differential Equations (third edition). By L. M. Kells 
xiv * 312 pages, $3.00, McGraw-Hill Book Co., New York, N. Y., 1947. 


In this third edition, a certain amount of theoretical material has 
been added, the supply of problems has been improved, and more appli- 
cations have been included. But the author still fails to distinguish 
between a function and an equation (p. 4), he still does not explain 
why one must “multiply by dx” before integrating (p. 10), and he still 
confuses ordinary and line integrals (p. 25). 

The book has been considerably embellished. 


C. C. Torrance 


Theory of Functions. By J. F. Ritt. 
New York, King’s Crown Press, 1947. x + 18] pp. $3.00. 


In this text is presented an outline of a year’s course in function- 
theory which the author has given for many years at Columbia University. 
While the emphasis is on the complex variable, about one-third of the 
book is devoted to the real variable. 

The text is divided into forty-five short chapters. The first part of 
the book is concerned with the fundamental concepts of number, limit, 
function, continuity, derivative, Riemann integration, infinite series 
and infinite sequences. The author bases the real number system upon the 
concept of infinite decimals rather than upon the more conventional! ideas 
of Dedekind and Cantor. This approach seems to be an excellent pedagogi- 
cal device; many theorems thus become obvious to the student. Enough 
topology is introduced for the author to be able to consider regions 
bounded by Jordan curves. Thus the Cauchy integral theorem is proved 
first for triangles, then the proof is extended to polygons, rectifiable 
curves, and finally to Jordan curves. A systematic study of analytic 
functions makes up the latter part of the book. Expansion in Taylor's 
series and Laurent series, singularities, the Weierstrass factorization 
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theorem, residues, and analytic continuation are all given brief but 
adequate treatment. The beginning graduate student will be interested in 
finding in this book four different proofs of the fundamental theoren 
of algebra. 

There are many good examples but no exercises for solution. There is 
no index. Numerous misprints would tend to hamper anyone who might 
But the 


intended to 


a text for self-study. terseness 


this book 


attempt to use this book as 


presentation indicates that is not he studied 


amplify 
Ritt’s book 


without a teacher. In the hands of a competent teacher who will 


the text and can supply whatever exercises seem necessary, 


of 


; } . , 
should prove entirely satisfactory as a textbook for a course in the 
Theory of Functions 
H. M } 
¢ , 
Imiver ' | 
THE INTERNATIONAI ONGRES F MATHEMATICIANS 
AMBR I DGE MASSACHUSETT  s A Aug Senter 
A j ati a | Mathemat ans be he 4 ‘ 
Ma : i auUSpit e i Ma : 
Time ace The dates f he ongres have been fixed a Aug 
Se p te | Ur ersity will be i ipa s 
4 numbe ther ur 1 is in metropolitan Boston wil! he € 
ain gre v t . arranging spe t ar 
/ ngre wi f tabli g 
e a lu + vate r I 4 
t f e | 
ir terer rs e held - 
é VYumbe | 4 Ii] Le as 
é ; Act at * f rco ) Vf ~t 
Ay i ’ P 
Language é LCongre " x 
Ita Sial 
Ente itnmaent ar versity ha offe r« I 
lining rooms for mathema lan and their guest ¢ er € ym 
The Organizing Committee hopes that it will be $ ble to fur I ) and 
board without charge to all mathematicians fr: utside continental Nort 
America who are members of the Congress. Congres embership fees and rates for 
room and board will be announced well in advance of le opening { the Congres 
The Entertainment ommittee, of which Professor Il H. Loom f Harvar 
University is Chairman, is planning many interesting feature including a 
reception, garden party symphony concert, and banquet 
Information. Detailed information will be sent in due course t indivi al 
members of the American Mathematical Society and to foreign mathematica! 
societies and academies. Others interested in receiving information may file 
their names in the office of the Society, and such persons will receive fron 
time to time information regarding the program and arrangements 
Communications whould be addressed to the American Mathematics Society 
531 West 116th Street, New York City 27, U.S.A 
The Organizing Committee 
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TEACHING OF MATHEMATICS 


q Edited by 
Joseph Seidlin, L. J. Adams and C. N. Shuster 

This department is devoted to the teaching of mathematics. Thus articles o1 
methodology exposition, curriculum, tests and measurements, and any ther 
topic related to teaching, are invited. Papers on any subject in which you 

teacher, are interested, or questions which you would like others lis 
should be sent to Joseph Seidlin, Alfred University Alfred, New York 

THE GIST OF THE CALCULUS 
hy Glenn James 

Calculu 1 the father t our modern mechanica nvenience ind ¢t 

rnerstone of the great structure of athematl that ha Dee hulit 

ring the last few de é Moreover! it tvpe T ChHIinking l Inc 1Sst* 
ble t ny scientist indeed t ynyone wi tric erst 

¢ 1 at t his aut ile and the il ’ I ’ t 

aimost faily 

Tha jascussion approache the concept } I t 

imp le familiar experience 
Che iin by iny tho t | per A f 
t1 ny ne I f lumhe P 

Whe ne 1 imb1 ountain he 

the path he is |! “4 hat 1 A 

. f ae ceed . EF yey ‘ 

. oo e i 
f Ie é 
whic ene é 
"We al ta 
ich hazy Ll ! Lope l T 

hat when Lhe naxil lf loa 
Val if le are Known we Cal build the track wit uct t 
( can he hauled over the mountain, spiralin; if né¢ I 

This rather simple problem of defining precisely t fat 
ynd finding how great it is at each point of the path is the basis of the 

rleul Its solution could he put on a half page Yet rowth trom thi 

nucleus has made possible the phenominal advances in mechanical! achieve- 
ent of the last century and has assisted greatly in the development of 
vl] se lences, espe ially physics and chemistry The ustihication of thi 
tatement will appear as we proceed through the solution of the above 
roblem to the unfolding of the calculus. 

When passing along a straight path from one point to another, say P 
to P’, it is customary to denote by dy the vertical rise occuring, as 
in Fig. I, and by dx the corresponding horizontal change. The ratio a 

( 

*See “Fundamentals of Beginning Algebra” by E. Justin Hills, Mathe- 

matics Magazine, Vol. XXI, No. 4. 
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is then said to be the slope of the straight line Li’, or the rate of 


change of the vertical rise with respect to the corresponding hor- 
izontal change. 








Fig. I Fig. HU 


If, as in Fig. II, a straight line LL’ just grazes a curved path, sa 
at P, like an imagined straight-edge laid on the path, then the slope 
of this line is said to be the slope of the curved path at the point 
where the line touches it. This slope is thought of as the instantaneou 
rate of change of the vertical with respect to the horizontal at the 
point P. The line is called the tangent line to the curve at the point P. 

This concept of instantaneous rate of change is suggested by the 
physical law that if a particle is moving in a curved path and if al] 
constraining forces are suddenly removed the particle will leave the 
path in the direction of the tangent to the path at the point which the 
particle occupied when the constraining forces were removed. This law is 
illustrated by the sling with which David killed Goliath, by sparks fly- 
ing off an emery wheel and by numerous other mechanical devices. 

We will now exhibit the method by which the slope of the tangent |ine 
to a known curve at a given point can be found. (A curve is known when 
the vertical rise from some fixed horizontal line can be found at any 
point where the horizontal distance from some vertical line is given. 
The vertical rise is usually called the ordinate of the point and denoted 
by y and the horizontal distance is called the abscissa and denoted 
by x. See Fig. III. Here y = x“. The curve is called the graph of the 
equation, and the abscissa and ordinate of a point are, collectively, 
called the coordinates of that point.) 

Suppose we seek the slope of the graph of y = x* at the point P where 
x = 3. We choose an arbitrary point P’ different from P (Fig. IV) and 
draw a line, called the secant, through P and P’. As indicated in the 
figure, we denote the diflerence between the abscissas of P’ and P by 
some letter, say h. Now if we move P’ toward P, i.e. make h approach 


zero, this secart will move toward the line LL’ which is tangent to the 
curve at P, 


7 7 epee. oer ~ 
sae Pax Te i) PUR RI aT SS ~ 
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Hence in order to find the slope of the tangent line at P we need 
merely formulate the slope of this secant and find what this slope 
approaches when P’ moves toward coincidence with P. This can always he 
Jone when the path is smooth and continuous. However if P were just over 
the edge of a precipice our scheme isn’t good. The road sign that a math- 
ematician would put by such a path would be “This Path is Discontinuous.” 

At the point where x = 3 we find from y = x* that y* 37. At the point 
which is h units from P we have x = 3 + h, whence y = (3 + h)*. Hence 
the vertical rise QP’ is (3 + h)* - 9. The corresponding horizontal 
change being h, the slope of the secant is 


(3 +h)? - 9 
h 





Since (3 + h)* = 9 + 6h + h? this slope can be written 


9 + 6h + h? - 9 
A 





and since 9 — 9 = 0, we can divide h out of numerator and denominator 
and thus show that 


9 + 6h + h? ~~ 9 
A 





=6 +h. 
For the reader who is not real familiar with algebra it is helpful to 
test this statement for a few values of h, say 1, .1, .01. When 


Te 9+ 6h+h?-9_ 9+6+1-9 ._ 
j h ° l _ 








when h = .1, 1 = 2s 6.8 ° 6 * «i, 


9+ 6+ .Ol-9 .6) 
] 
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9 + .06 + .000] - 9 .0601 
= = = ».0 = ) 0 
and when h a. 71 “01 6.01 6 + l. 





When P’ approaches P, that is, when h approaches zero, 6+h approaches 6. 
Hence the slope of the curve y = x* 


dy 


simpler terminology _* 6 when x = 3. If instead of x = 3 we had taken 


at the point where x = 3 is 6 or in 


x = c where c is any number whatever, the vertical rise would have heen 





(c + h)* ~c and the slope of the secant would have been 
f 
fo @ &)* . -* 
h 
, a ; dy 
Simplifying as before we obtain 2c + h, whence _* 2c when x = c. Since 
c is any value of x whatever, we could just as well use x itself, 
provided we treat x as fixed at the point P. We would then say that the 
slope of the curve y = x* at the point x is 2x or briefly 
dy = ae 
dx 
i 
The expression Gy is spoken of as the derivative of y with respect 


, . : 2 
to x. (Since in this problem y = x°, we may say the derivative of x° with 
respect to x is 2x and write it in the condensed from os = 2x. Instead 


of the expression “finding the derivative of” we often aan “differentia- 
ting.” However we need not bother nach about synonyms here. These can 
be found in any standard text book on calculus.) 

From the example just worked out it is easy to infer the procedure 
for finding the derivative of most any expression in x. Those interested 
in doing a little algelraic work would find it entertaining to show that 








3 a n n 
dx > dx dx dkx 
a —— » —" « n-! = -1 
a. 3s“, a 4x”, . nx , and : knx®-', 
' aa 2 . 
k being a constant, e.g. = 3 x 2x = 6x (A better terminology than 


dx 
‘expression in x’ is function of x, written f(x), F(x), g(x), or what 
not, and read f-function of x, capital F-function of x, g-function of 
x, etc., or in mathematical vernacular just f of x, F of x, g of x, etc. 
“Function of” means dependent upon or determined by. ) 

It is interesting to note that if a line is horizontal, that is, if 
all of its ordinates are equa!, in other words if the equation des- 
cribing it is y = k where k is any constant, then the slope of the line 
is zero. Thus the derivative of any constant is zero. In the usual 
notation 

dk = 0, 
dx 


where k is any constant. 
If a line is vertical, no matter what vertical rise we take the 
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corresponding horizontal change is zero. Hence in attempting to form- 
late the slope of a vertical line we meet the impossible case, met first 
in arithmetic, of division by zero. Thus we see that the slope of a 
vertical line is not defined; but this gives us little trouble because it 
is the only line whose slope is not defined. Certainly if there were 
just one person in the world without a name he would he wel! designated 
by his lack of a name. 

Again, if the derivative of the sum of two functions of x is sought, 
we see after a little thoughtful consideration that the total vertica! 
rise due to a change in the horizontal! distance is equa! to the sum of 
the separate vertical rises of the functions. Hence the derivative of 
the sum of two functions of x is the sum of their derivatives: e.g. if 


dx 

When y is equal to more complicated expressions in x, greater diffi- 
culty is met in simplifying the expressions for the slopes of the secant 
so as to be able to find the limits of these slopes as the secants 
approach the tangents. However the logical steps used in finding the 
derivatives are the same in al! cases and a table of derivatives of 
various functions can be found in any text on calculus. It is not nec- 
essary that the reader verify these standard formlae. They are as wel! 
established as is the fact that our lights begin to shine when we turn 
on the switch provided the connections are good, and the connections 
are always good in the standard processes of differentiation. 

In defining the derivatives we have talked about mountain paths but 
we actually used only the numerical values of the vertical and hori- 
zontal distances that entered into the discussion. The mathematica! work 
would have been exactly the same if we had attached to these numbers 
other concrete references. We list below a few such references, which 
have great practica! significance. 

If y represents the space passed over, by some particle, in time x, 


then the rate of change of y with respect to x is the velocity, and this 


2 


is, as we have seen, Using a more suggestive notation, if s = t*, 


ey 

dx ds 

' - as. 

the velocity at any time t is 2t. In finding that dt there is no 

possible objection to going back to our mountain path and thinking of s 

as the vertical rise and of t as the corresponding horizontal distance. 
Now consider the relation v = 2t. Looking upon v as the vertical rise 

and t as the corresponding horizontal change, the rate of change of 1 


. , Uv , . : , 
with respect to t is dt’ which is 2. But this is the rate of change of 


the velocity with respect to time which is, of course, the acceleration 
of the particle. Thus when a particle is moving according to the law 


2. ’ é; "ee 
s = t“ its velocity is 2t and its acceleration is 2. Since v is equal 


ds : dv . s ; 
to qy we may write — in the form Fyd¢e' The latter is usually written 


d2s dt 


dt and read the second derivative of s with respect to t. We hesitate 
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to mention what you already see, namely that we can have third, fourth, 
fifth, sixth, etc., derivatives, or as we say in calculus-language, we 
can have derivatives of any order. 

Suppose now that x represents one side of a rectangle whose peri- 
meter is fixed, say it is 4. Then the other side is (4-2x)/2 or 2- 2x 
and the area, which we shall denote by y is x(2-x) or 2x-x*. Thus 


we have the equation 
y = 2x-x 


in which x is a side of a rectangle whose perimeter is 4 and y is the 
area of this rectangle. Much valuable information can be gotten from 
this little equation. In studying it we can, as has been mentioned, 
think of y as the height and x as the horizontal! measurement of a point 
on a mountain path. 

The two points where x is, respectively, © and 2 look interesting 
because y is 9 at hoth of these points. 


( 9 


The slope of this path at any point x is which 1s 2-—2x. When x is 


x 
0 the slope is 2. When x is 2 the slope is -2. The latter means that 
when x is 2 the ordinate is at that instant decreasing at the rate of 2 


units to every unit that x increases. See Fig. V. 








Fig. V 
From these observations, we suspect that the curve goes over a hilltop, 
in other words, that there is a largest rectangle whose perimeter is 4. 
To hunt for this and similar ‘hilltops’ is an exciting adventure that 
results in very useful findings. On such a hilltop the tangent is hori- 
zontal, that is, the slope of the curve is zero (we call such a hilltop a 
maximum). Moreover just before and just after a path reaches a maximum 
its ordinates are less than at the maximum. So we set the slope, that 
is the derivative of 2x-x’*, equal to zero and find what value of x makes 
this equality true; next we substitute this value of x in 29x-x* to find 
the ordinate at the point where the tangent line is horizontal, and then 
we examine the ordinates just before and just after we have reached this 


point. In this problem fy is 2-2x hence we have 2-2x = 0. From this 
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equation, we find that x = 1 is the abscissa of the point where the 
tangent line is horizontal. The ordinate at that point is 2x1 -1x] 
or 1. Then we find, for instance, the ordinates corresponding to x= .9 


and x= 1.1; these are .99 and .98 respectively. Hence we infer that 1 is 
the maximum area of a rectangle with perimeter 4, that is, the rectangle 
has a maximum area when it is a square. (Another and better way of 
showing that we are at the hilltop is to note that the slope (2-2x) is 
positive for x a little less than 1 and negative for x a little greater 
than 1.) Since we did not stipulate the units of measure used when we 
said the perimeter was 4, it follows that no matter whether its 
perimeter is 4 feet, 4 inches or what not any rectangle has its maximum 
area when it ts a square. The possible uses of this result are limited 
only by the imagination. 

It is said that when John D. Rockefeller first got his hand in the oil 
business he immediately had the oi! barrels and cans made so that for a 
given content their surfaces contained a minimum (i.e. least possible) 
amount of material. The calculus very easily determines the proper ratio 
between the altitude and diameter of any such cylinder. Let r be the 
radius of the ends of a can and h its height. Then we seek the ratio 
between r and h when the volume is fixed and the surface is a minimum. 
From geometry the area of each end is mr*, the lateral surface is 27rh 
and the volume is 7r*h. The total surface is then the sum of the two ends 
and the lateral surface. That is, if the total surface is denoted by s, 
we have 

s = 2nr* + Qnrh. 


Suppose the volume is 1, 1 quart, 1 gallon, 1 barre] or whatever is at 
hand. Then mr*h= 1. Dividing this equality by 7r* gives h= 147 r*. We 
now substitute this form for h in the formla for s in order to express 
s in terms of r, that is, to make changes in s depend only on changes in 
r. We thus obtain 
s = Qnr*+ 2/r. 

This equation can be thought of as a path for which s is the height 
corresponding to the horizontal distance r measured from some fixed point. 
We examine this path to find whether or not it has a minimum height, that 
is, whether it goes down into a valley and up on the other side. If it 
does this, there is a point in the valley where the slope is zero, and 
the curve rises on both sides of that point. By steps analogous to those 
used in the rectangle problem, we find that for a minimum surface h= 2r. 
When this result is once known the metal saved by using the correct 
shape of cylindrical container is net profit. All competitors who fail 
to use this and similar results are sure to fail in business, because 
they have failed in mathematics. 

The preceding examples give us a hint that knowledge of the slopes of 
a curve at various points would aid in drawing the curve. Even more help 
can be gotten from learning the rate of turning of the tangent as we 
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move along the curve. This can be stated more explicitly as follows. 
Denote the angle between the tangent line and the horizontal by ©, as in 
figure VI, and the length of the arc from a fixed point R to P by s, then 
the rate of turning of the tangent as we move along the curve is =. 


‘ { 
This is called the curvature i 


of the curve at the point under consideration. The curvature of a circle 
is evidently constant. The curvature of a straight line is zero. For 
other curves it changes as one passes from point to point. In picturing 
a curve with changing curvature, we think of a circle with the same 
curvature as the curve at the point immediately under consideration and 
drawn touching the curve at that point. See Fig. VII. This is the circle 
which fits closest to the curve at the point under consideration, that 
is, 1t 1s the circle whose tangent turns at the same rate as the tangent 
to the curve is turning when we pass through the point as we move along 


the curve. 
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Such a circle at a point P, is called the circle of curvature at the 
point P and its radius is called the radius of curvature of the curve 
4 at point P, Given the equation of a curve and the coordinates of a point 
: on this curve one can find the center of the circle of curvature at this 


noint as well as its radius. Formulas for doing these things are in any 


ext on the calculus. Having drawn the circles of curvature for several] 

cessive sets of coordinates that satisfy a given equation, one has a 
retty fair idea of how a curve appears in the vicinity of these points. 

If we think of a circle rolling along a curve continually adjusting 
ts size so that it is always the circle of curvature of the curve at 
the point of contact, (See Fig. VIII), the center of this rolling circle 
lescribes another curve which is called the evolute of the given curve: 


relative to its evolute a given curve is called the tnvolute of the former. 











Fig VIII 

It is easily proven that every tangent line to a curve is perpendi- 
cular to the tangent to the curve’s involute at the point where it cuts 
it, as indicated in Fig. IX. 
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Because of this property the involute of a circle may be described by 
a point on a taut thread as the thread is unwound from the circle (see 


Fig. X). 


pm, 








Fig. X 


Gear teeth are curved like an involute of a circle. Pressure perpendi- 
cular to their surfaces is then directed along the tangent to the circle, 
which is of course perpendicular to the radius of the circle. This 
gives maximum efficiency and avoids shearing at high speeds. 

We turn now to quite adifferent use of the calculus. Often times we 
have given a point, say P, on a curve and wish to find the change in the 
ordinate resulting from a small change, say dx, in the abscissa. The 
change in the ordinate is denoted by Ay and is called delta y. Now the 
corresponding change in the ordinate of the tangent line at P has been 


denoted by dy. See Fig. XI. 








Fig. XI 


Thus dy is an approximation to y, a better and better approximation as 
dx decreases. Moreover since the derivative at the point P on the curve 
is 2 it follows that the derivative at this point mltiplied by dx is 
the approximation to Ay which we are seeking. If y = f(x) is the curve 


with which we are dealing and we denote the derivative of f(x) 
by f'(x), then the above approximation to Ay is given by the formla 


(A) dy= f'(x)dx 
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Fig. XI exhibits the meaning of this formula when used to find the 
approximate change in y for the curve y= x* at the point x= 3 when dx is 
1/32". (If, for instance, x has been measured as 3” with a possible 
maximum error of 1/32"). Such a problem arises whenever one attempts to 
measure a side of a square plate and compute the area of the plate from 
his measurement. In this case 


’ es ' 
= =9 = = . 
dy=f (x)dx=2xdx=2x 3x35 16 


In fact such a problem arises whenever we base any computation on 
measurement. Measurement is always approximate. One can never wager his 
life on having an exact measurement. The odds are that a magnifying 
glass would embarrass him. All one can be sure of is that the distance to 
be measured is between two estimates; and this is where our dx comes in. 

Usually the matter of measuring and making computations with the 
results is not as simple as this case of finding the area of a square 
from a side. The area of a rectangle, the volume of a cone, etc., depend 
upon three measurements; and the mass of a block depends upon four 
measurements, the three that determine its volume and one that determines 
its density. Thus we need to study functions of several variables. 

To find the change of a function of several variables due to changes 
in all of the variables we combine the changes due to each of them while 
the others are being held constant. For example, consider that z depends 
on x and y, written z= f(x,y). Now by fixing y we find the instantaneous 


; , z 
rate of change of z with respect to x by merely finding dx’ We denote 
z 


this sort of procedure by at This new symbol - is read the partial 
derivative of z with respect to x. Partial derivatives differ in no way 
from ordinary derivatives except that they indicate that the other 
variable or variables, are being held constant at the instant when we 
are obtaining the rate of change of the function due to a change in the 
variable which is before our attention. We can make this matter more 
thinkable by use of a graph. We use the surface of a mountain instead of 
a single path over it. We think of x and y as being the coordinates of a 
point in the horizontal plane on which the mountain sits and of z as 
being measured vertically up. Then as the point in the horizontal plane 
wanders about all over that plane (often called the xy plane) the top 
line which represents z traces out the surface of the mountain. The 
approximate_change in z, due to a change, dx, in x while y is held 


. Zz ‘ , 
constant is — dx by formula (A), and the approximate change in z due to 


, , ; , . OZ 
a change, dy, in y while x is being held constant is —~dy. Then the 
total approximate change in z (denoted by dz) is given by’ 
Oz Oz 


(B) dz = —dx+—dy. 
Ox oy 


If the surface of the mountain is smooth and continuous, it does not 
make any difference whether the changes in x and y are made separately o1 
simultaneously, i.e. whether we pass from the point on the mountain 
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whose height is z to a neighboring point along one path or another. 
As an illustration of the use of this formula, suppose we have 
measured the sides x and y of a rectangle and found them to lie between 


2.9 and 3.1, and 5.9 and 6.1, respectively, and it is required to find 
the approximate maximum possible error in the area if we take x=3 and 


Hence 
dz =ydx+xdy. At the point where x=3 and y= 6, 2 = asd 2 = 3. 
Also dx and dy; in this case, are both .1. Hence 

dz=6(.1)+3(.1)= .9. 


y= 6. We denote the area by z then z= xy, and oz oy and = x. 


Wonders can be worked with the above formula (B). Suppose, for 
instance, we know the rates of change of x and y with respect to time, 


J dx d : . ; 
v= i and _ at some point whose coordinates are x and y, then this 


formula enables us to find the rate of change of z at this point. We 
merely divide hy dt obtaining 


dz _9zdx , Izdy 
dt oxdt odydt’ 


d d 
then substitute the given values of and > on the right hand ont 
z z 


this result and also substitute the given values of x and y in 3, and oy: 
It is very evident by this time that calculus is a study of varying 
rates of change. If s= kt then v=k, which we already knew before cal- 


culus was dreamed of. But if s= t*, then p= Bane. Thus the velocity 


increases or decreases as t changes, so we have spoken of 2t as the 
instantaneous velocity. Our habit of referring the more complex cases 
back to the simpler ones leads us to try to find a constant velocity 
which is equivalent to a variable velocity for a given interval of time. 
Using t and s in place of x and y, suppose a particle travels along the 
curve s= t* from the time t=2 sec’s to the time t= 5 sec’s. The space 
passed over is 5* ~2* or 21 and the time consumed is 5-2 or 3 sec’s. 
The constant velocity which would cover this same space in 3 sec’s is, 
plainly, 21/3 or 7 units per sec. The velocity 2t is 4 when t= 2; at the 
time t=5 it is 10. At the time when 2t=7, i.e. t= 3.5, the varying 
velocity is the same as the constant velocity. This constant velocity is 
called the mean velocity over the interval t= 2 to t=5. To generalize 
this discussion, we use the time interval t, to t, instead of 2 to 5, 


:, : s 
and s=F(t) instead of s =t”, then instead of —~= 2t we use the genera! 


notation ot. f(t). Whence we can write, in analogy with the equation 
2t=7, 
F(t.) -F(t,) 


oS 





where T is the time at which the varying velocity is the same as the 
constant velocity required to take the particle over the same space in 
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time to -t,;. A more usual form for this is gotten by replacing the t’s 
by x's and then writing dx instead of x2-x,. Thus we have 
F( x2) —F(x;) 


f(X) = , os or . f(X)dx= F(x2) -F(x;). 





We illustrate this in Fig. XII where the slope at P is f(X) and is the 
same as the slope of the secant MV, 











Fig. XII 


This relation is called the mean value theorem. Out of this simple 
relation there grow results of the utmost importance in our daily 
lives. Your time consumed in going into some detail concerning these 
results will be liberally rewarded. 

In geometry we are able to find areas of only certain simple figures 
such as rectangles, triangles and circles; but with the calculus we can 
find the areas of almost any closed figure. We shal! show how to find the 
area bounded by the x-axis, the curve y= f(x) and the ordinates of this 
curve corresponding to x=a and x= 6. See Fig. XIII. 

















Fig. XIII Fig. XIV 


We draw a set ot rectangles beneath the curve and a set extending 
above the curve, as shown in Fig. XIV. The sum of the former set is less 
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than the desired area beneath the curve and the sum of the latter set is 
greater than this area. If we decrease the widths of these rectangles, 
the difference of the two sums approaches zero, and of course both sums 
approach the area beneath the curve since it is between the two sums. 
This fact is needed to squeeze another set of rectangles whose sum we 
always know into the desired area. Suppose, as in Fig. XV, we construct 
beneath the curve y= f(x) a set of rectangles of equal width x; -a, 
Xp-%X,, etc., which we denote by dx, and let X,, Xz, etc. be the points 
determined by the mean value theorem when applied to each interval 
a to x;, x; to x5, etc. We then have the relations: 


F(x,) -— Fla) = f(X,)dx 
F(x2) — F(x,) = f(X2)dx 
F(x3) — Flx,)= f(X3)dx 


dF(x) _ 
dx 





f(x). 


where 
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Fig. XV 


Now adding these n identities, we have for the sum of the left mem- 
bers F(b)-F(a), since alternate terms cancel out. The sum on the right 
lies between the sum of the areas of the lesser rectangles and the sum 
of the areas of the larger ones, both of which approach the area beneath 
the curve. Hence F(b)-F(a) is the area desired. 
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Thus we see that to find the area bounded by the curve y= f(x) the 
ordinates corresponding to x= a*and x=} and the x-axis, we find the 
function F(x) whose derivative is f(x), then substitute a and b 
successively in F(x) and take the difference F(b)-Fla). We denote 


this rule by J f(x) dx and call it the definite integral of f(x) between 
the limits a and 6. The symbol | is an elongated S denoting “sum”. 
Thus | J is a certain sum froma to 6. 

The gist of this process consists of finding F(x) from a given f(x). 
This step is denoted symbolically by | f(x)dx and called the indefinite 
integral of f(x), or the primitive of f(x), it being, as we have said, 


the function, ris), whose derivative is f(x), i.e. =" f(x). 
For example to find the area between the x axis, the line y=2z 


= 
and the ordinates corresponding to x=1 and x=5 we evaluate 2x dx. 


See Fig. XVI. 


? 
+ 











Fig. XVI 


The steps used in doing this are usually written 
5 
I 2x dx = x2]? = 25-1 24. 


It is satisfying to check this result by plane geometry. The area 
of a triangle being one half of the base times the altitude, we have 
area of PQRS = area of OQR - area of OPS=%x5x10 - %*x1x2= 24. 

When searching for the function whose derivative is 2x, one may first 
think of x* but x? + F x* + 2, and in general x* +c, where c is any 
constant, all have 2x for their derivatives since the derivative of any 
constant is zero. One can see geometrically that adding a constant to a 
function merely lifts the curve up vertically and does not change the 
slope. (See Fig. XVII) However, when evaluating a definite integral, we 
do not usually write down the c (called the constant of integration) 
because it always drops out in the process of subtraction. 

Finding the indefinite integral is not merely a step in evaluating 
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Fig. XVII 


a definite integral. We often desire it for other purposes, in which 
cases the constant of integration may be of great importance. E.g., 
suppose a particle starting from rest moves with its velocity equal to 
2t and we wish to find how the space it passes over is related to the 
time consumed. In other words, given v=2t, it is required to find f(t) 
such that s* f(t). Now from 


ds ds 2 
ve oe we have ae* 2t, whence s=t° +c. 


Since the particle started from rest, when t= 0, s=0; hence c= 0, and 
the desired relations between s and t is s= ft’. 


Although the evaluation of Jf) dx made use of the idea of finding 
an area, it actually depended only on the numerical quantities a, 6, and 
f(x). Consequently interpretations other than finding areas could be 
given to these quantities and the same evaluation process used, or 
perhaps it is more meaningful to say that whatever interpretation is 
given to these quantities, one can think of the process as a matter of 
finding an area. A few interesting examples will clarify this statement: 

Suppose that it is desired to find the mass of a rectangular plate 
whose sides are 2 and 4 and whose density at each point is equal to the 
distance of the point from the shorter side. See Fig. XVIII. 

















Fig. XVIII 
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The area of any one of the rectangles of height 2 and width dx is 2dx 
and its mass (density times area, since the plate can be considered to 
be of unit thickness) is greater than x2 dx and less than (x + dx) 2 dx. 
Thus we have two sets of rectangles and the desired mass is equal to 
the area beneath the line y= 2x above the x-axis and between the or- 
dinates corresponding to x= 0 and x= 4. (See Fig XIV and the accompanying 
discussion.) This area is equal to 


4 
[“2xdx - x7] = 16 


which is the mass of the rectangle. 

Again, suppose a particle is being dragged along the x-axis by a 
force which is equal to twice the distance of the particle from the 
y-axis, and it is desired to find the work done in moving the particle 
from the point where x= 0 to the point where x= 4. Since the work done 
is defined as the force times the distance passed over, the work done in 
moving this particle over a distance dx measured from the point x is 
greater then 2xdx and less then 2(x+dx) dx. Hence the work done in 


moving the particle from the first point to the second is equal to 
4 
Jo 2xdx = 16. 


As a third example, suppose it is desired to find the force exerted 
on the face of a rectangular dam of height 100 feet and width 300 when 
the water stands to the top of the dam. 

The force exerted on any strip of width 300 feet and height dh 


(see Fig. XIX) is greater than the area of this strip multiplied by the 
depth of the water to the top of the strip and by the weight of a cubic 
foot of water (63+ lbs) and is less than this product with the depth 
counted to the bottom of the strip, that is,h+dh. Hence the force lies 
between 300h (63+) dh and, 300(h+dh) (63+) dh. Hence the total force 
is numerically the same as the area bounded by the line y= 300(63+)x, 
the x-axis and the lines x= 0 and x= 300. See Fig. XIV and the accom- 


panying discussion. Thus this force is eae 


2 
J,°°300(63+)xdx = 300(63 + rd = (300)? 83*, 


< 


0 


Probably the most used mathematical concept is that of distance 
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along a line or curve. The latter is frequently estimated by laying a 
tape measure along the curve, as a tailor measures a man for a suit. 
However, this procedure is not always feasible and rarely sufficiently 
accurate for scientific purposes. Suppose for instance we were to try to 
solve the famous problem of finding the path down which a particle wil] 
slide from one point to a lower one not vertically beneath it in the 
quickest possible time. Here we need a precise formmla for the length of 
the curve. Since we are familiar with straight line measurements we 
naturally build our formla for determining the length of a curve upon 
them. As in Fig. XX, divide the interval from x=a to x=} into subin- 
tervals each of width dx. Then construct segments 6f tangents at the 
points a, x,;, Xz, etc. each one being terminated by the next ordinate. 


The sum of these segments comes nearer and nearer to the length of 
the curve as we decrease dx. Each of these segments is equal to 
Vdx? + dy* where x is the abscissa of the point of tangency under 
consideration. Now we can take dx out of the radical and write this 


| dy}? — fare ste 
in the form |] + (| dx or in the equivalent form i+ Cf’ (x))* dx 


where, of course, f' (x) is found from the equation y= f(x) of our curve. 
We then sensibly and safely define the length of the curve to be 


b a 
f {i+ (f'(x)]? dx 


Let’s consider the special problem in which y= f(x) is y=2x, and the 
length of the path from the point where x= 0 to the point where x= 4 is 


desired. Here = 2 and 11+  f'(x))? becomes {1+ 22. Hence the length 
of the curve, in.this case a straight line, from x=0 to x=4 is 


[V5 dx=J5 x)°= 4/5. ; 


For more complex , of f(x) the form J1+ [f'(x)]* becomes more com- 
plicated and the evaluation of the definite integral more difficult, 
but you can hire a secretary to use tables and do this part of the 
work. 

If we have, in this paper, conveyed a fair understanding of the 
meaning of the derivative, and the definite, and indefinite integral, 
the reader can forget the details and yet feel himself initiated 
into the calculus way of thinking and prepared to pursue a rigorous 
course in calculus without much difficulty in understanding the 
subject. 
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FIVE REQUIREMENTS FOR GOOD TEACHING 
Talk by W. C. Krathwohl 


Speaking before the Division on Educational Methods at the annual 
meeting of the American Society for Engineering Education at Austin, 
Texas, Dr. Krathwoh] stated that a good teacher satisfies at least five 
requirements: 

“(1) He is enthusiastic about his subject; (2) he knows his subject 
thoroughly; (3) he is more interested in his students than in the 
subject; (4) he has a sense of humor without being ridiculous; (5) he 
has chosen teaching as his occupation because he would rather teach al] 
day long than do anything else in the world.” 

Beyond these five conditions, Dr. Krathwoh] explained, there are the 
techniques of the occupation which the truly successful teacher must 
master. 

In the matter of relations between the teacher and the student, a 
good teacher knows that “there is a time to be personal and also a time 
to be impersonal,” Dr. Krathwoh] stated. Impersonality is most urgently 
required when discipline is necessary. ‘The rule is,” he said, “dislike 
what a student does, but never dislike a student.” 

Some instructors seek popularity by omitting homework, “but such a 
course of action results in poor teaching,” warned Dr. Krathwohl. ‘There 
is no substitute for hard work. One of the most efficient ways of learn- 
ing a subject is to learn by doing.” 

He suggests, however, that wrading for the course be done solely on 
the basis of frequent examinations rather than on examinations and 
homework. “Examinations more accurately reflect what the student has 
accomplished, and this method eliminates the possibility of dishonesty, 
allows the bright students to help those not so bright, and encourages 
an interchange of ideas between students.” 

The use of examinations as a measure of achievement should be secon- 
dary to their use as a reviewand consolidation of material, Dr. Krathwoh] 
declared. The examination should be moderately difficult but easy enough 
to give the student the satisfaction of accomplishment. It should 
contain no trick problems and should be short enough to permit the 
average student to check his work in the allotted time. 

“In order to keep the length of the examination within bounds,” he 
said, “a good rule to follow is that the instructor must be able to work 
the examination in one-fourth to one-fifth of the time allotted to the 
student.” 

Occasionally certain students are unjustly penalized by variations in 
the grading of examinations due to fatigue of the instructor, Dr. 
Krathwohl continued. “To avoid this,” he said, “examinations should be 
graded problem by problem rather than paper by paper. The variations 
will then be more evenly distributed among the students.” 

All the methods outlined in his talk are the results of trial and 
error over a period of years in which the better schemes were accepted 
and poorer ones rejected. Dr. Krathwohl stated. 











PROBLEMS AND QUESTIONS 
Edited by 


C. G. Jaeger and H. J. Hamilton 


This department will submit to its readers, for solution, problems which seem to be 
new, and subject-matter questions of all sorts for readers to answer or discuss, 
questions that may arise in study, research or in extra-academic applications 

Contributions will be published with or without the proposer’s signature, according 
to the author’s instructions 


Although no solutions or answers will normally be published with the offerings, 
they should be sent to the editors when known 


Send all proposals for this department to the Department of Mathematics, Pomona 
College, Claremont, California 


SOLUTIONS 


No. 16. Proposed by H. E. Bowie, American Internationa! College 


A circle of radius 3-in. is tangent externally to a rectangle at the mid- 
point of one end. Two other circles, both of radius 2-in., are tangent 
externally to the two sides of the rectangle and to the first circle. The 
rectangle is 2-in. wide. Find the radius of a circle to which the three given 


circles are tangent internally. 
Solution by Howard Eves, Corvallis, Oregon. 


Let r be the soughc radius and let x be the distance from the center of 


the sought circle to the center of one of the smaller given circles. Then 
+22 (4- Ix? - 9) + 3. 
Solving we find x = 3.4 in. Therefore r = 5.4 in. (exactly). 
N 
oe) 




















Solved also by K. L. Cappel, San Francisco. 
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N 5 Proposed by Victor Thebault, Tennie Sarthe France 
* ; > 9 r r oO 
, ing once each of the digits 0,1,2,3,4,5,6,/,8,9 form a number, w 
when increased by one million becomes a perfect square 
Solution by Francis L. Miksa, Aurora, [1]]}. 
If X is the square number then: 
i . 
bie 5 ,5 
3 a> @ 5S (mod 9), 
f by nh gives X = WK + ] as the solutior \ the | t “ 
: 31995 < 2 99550. 
Not having a table of squares in this range the writer actual] nstructe 
? . 
; the squares of from (9K + 1)° by addition method. In the proces é 
found 44 numbers satisfying the problen 
zi Form 9K + | 
1 287 953 604 + 10° = (35 9 
1 507 234 896 + 10° = (38 836 
2 063 157 489 + 1! = (45 433)° 
Proposed by Pedr« A Piza, Sar Juar , Puerte I 
Find squares of nine digits a,a,a,b,6.! ~ where 
a s a. 2 { 4 { = f 
— } oe k 
( : ; E 
‘ tior Dv the pr er 
Ny e-digit juare meeting the f t t ! { 
vy i } x , x . 
Therefore if x is a three-digit integer f which the first 
if 2xy = t“ and y* are three-digit integers of wl h the first tw é 
eros, the sum of 
x? 000 000 
2xy 000 
2 
Pan 
a 2 
x 2xy y 
(where each underlined group represents a three-digit square), will satisfy 
. > . : . 7 2 ‘ 
the problem inasmuch as x* Qxyty* = (xty)” and LUUUy*?x ) Y 2s) x 
which we call the ‘reversal’ of (100x+y)* 
I 2 
n order for x to be a three-digit integer of which the first one is not 
2 ’ 
zero, the value of x“ must be less than 1000 but not less than 100. Therefore x 
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. 
must be not less than 10 and not greater then 31. Then y~ must be less 
than 1000 and t* = 2xy must be an even square not greater than 900. 
There are the following possible values of x and y: 


= y t's 2zy x 2 ts2e 
10 5 e 100 18 16 576 
10 20 400 18 25 900 
1] 22 484 20 10 400 
12 6 144 22 1] 484 
12 24 576 2 3 144 
13 67¢€ 2 12 576 
14 l 196 25 2 100 
14 28 784 25 8 400 
15 30 a 25 18 901 
16 64 26 13 676 
L6 256 27 6 32 
18 3 € 28 14 784 
18 | 144 3¢ 15 900 
18 324 

There are no solutions for x = 17, 19, 21, 23 and 31. 

The distinct nine-digit squares meeting all the conditions of the 


problem, all of which can be reversed by exchanging x and y in 
(1000x+y)° 


, are easily written out. 





PROPOSALS 


No. 17. Proposed by Leo Moser, University of Manitoba. 


Given an integer of n non-zero digits, show that it is always 
possible te replace a certain r (US r“<n) of these digits by others 
(zero not excluded) in such a way that the resulting number is divisible 
by n. 

No. 18. Proposed by Julius Sumner, Dillard university. 

A smooth circu r hoop rests I 2 smooth horizontal table \ nal] 

marble is to be projected from a point A on the inner side of this 


hoop so as to return to point A after two reflections, or rebounds 


If e is the coefficient of restitution, and both friction and rolling 
are neglected, find the angle between the first path and the radius 


drawn to A, 


No. 19. Proposed by V. Thebault, Tennie, Sarthe, France. 


Find a perfect square such that the numbers formed by its digits, 





PROPOSALS 


taken in sets of three marked off from the right, and by its square 

ot, form three consecutive terms of an arithmetic progression whose 
common difference is r*. i.e. if n* = abcdef, then abc, def, n form 
an arithmetic progression. 


. ‘ . . 
No. 20. Proposed by Victor Thebault, Tennie, Sarthe, France. 
In any tetrahedron ABCD, of centroid G, for which the tetrhedron 


GABC is trirectangular at G, show that the relations 


i] 
at tet em? = 1) ee? 
a c 


ABD* + BCD* + CAD? = 11 ABC? 


hold between the lengths mg, mp, m,, Me of the medians of the tetra- 


hedron GABC drawn from A, B, C, G and the areas ABD,-++, of the 
faces ABD, +++, of the tetrahedron ABCD. 


No. 21. Proposed by Julius Sumer, Dillard University. 


A plane is inclined to the horizontal at an angle B. At the foot of 
this plane a particle is projected with velocity V at an angle A with 
the plane. Find the condition for maximum range. 


No. 22. Proposed by Pedro A. Piza, San Juan, Puerto Rico. 


Let x and n be any two positive integers and let ="x* stand for the 


nth iterated summation of all the squares from 1 to x* inclusive. 
; -2 , 
For instance > 4* = 30, =°47= 50, (that is, the sum of the sums of all 


; - 5 
the squares from 1 to 16 inclusive), and 2 4° = 156 (that is, the sum 
of the sums of the sums of the sums of the sums of all the squares from 


| to 16 inclusive). Prove that in general 


Sm,2 = xlxtl) (xt+2) (xt3) + + + (etn) (2xtn) 


x 
(n+2)! 





No. 23. Proposed by V. Thebault, Tennie, Sarthe, France. 


Given an orthocentric tetrahedron ABCD, of orthocenter H, show that 
the spheres (A), (B), (C), (D) of centers A, B, C, D, orthogonal to a 
sphere of center H, cut the planes of the faces BCD, CDA, DAB, ABC in 


four circles which lie on the same sphere. 





MATHEMATICAL MISCELLANY 


Edited by 
Marian E. Stark 


Let us know (briefly) of unusual! and successful programs put on by your Mathematics 
Club, of new uses of mathematics, of famous problems solved, and so on. Brief letters 
concerning the MATHEMATICS MAGAZINE or concerning other “matters mathematical” wi}]] 
be welcome. Address: Marian E. Stark, Wellesley College, Wellesley 81, Mass. 





The keen eye of W. R. Ransom (Tufts College) discovered in the public press 
a tale of a calculating machine company that “offered $1000 to anyone who could 
square » CaN le, double a cube, or trisect one angle of a triangle by using 
only a straight-edge and c omy ass.’ A fellow in Mathematics sues the company, 
claiming that he has squared the circle. The judge rules that he hasn't done 
it. Well, well, well! Here we go again! This seems just like old times. We 
could give one word of advice to the company, and that is to specify that the 
straight-edge shall be unmarked. Also let the angle to be trisected be an 
arbitrary angle. Then the company may rest comfortably in the knowledge that 
it has been proved that no one of the three constructions can be done. And 


how we wish that would become general ly known 





Colone! Byrne sends us more news of mathematical colleagues in France 
Professor Gaston Julia has given five lectures in Switzerland as follows one 
at Bale, two at Zurich, one at Lausanne, one at Geneve. Professor P. Monte] 


(retired) has the titles Professeur Honoraire and Doyen Honoraire 





4 Remark on Mathematical Induction 


Suppose we wish to prove a certain theorem, 7. It may happen that the 
simplest way of proving T is to establish a stronger theorem, T°, of which T 
is a simple corollary. That is, it may be easier to prove 7° than it is to 
prove T without using 7*. This fact is particularly useful in framing a proof 
which employs mathematical induction, and since, moreover, it is an important 
notion in many mathematical proofs, it deserves early mention 1 e classroon 
treatment of mathematical induction. 

Interesting in this connection are the remarks of Felix Bernstein |Bull. 
Amer. Math. Soc., 52 (1946) Abstract 259, p. 622) who suggests that “the four 
color theorem may be a simple consequence of a more inclusive theorem whicl 
can be proved by complete induction.” 

A simple example, suitable for elementary instruction, is the following 

Let S(n) = 1% + 22 + «+. + n* for each positive integer n, and let T be 
the statement that n + 1 divides 6S(n). A simple, direct proof of T is perhaps 
not immediately apparent. Moreover, the fact that k + 1 divides 6S(k) is not 
in itself enough to imply that (k+1)+1 divides 6S(k+1). Hence a proof by 
induction is evidently not feasible. But now let 7T* be the stronger statement 
that 6S(n)=n(n+1)(2n+1). Then T* can be easily proved by induction and 


T is obtained as a corollary. 


University of Virginia. 7. bene; ae 
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3 
3 Around 200 former students and colleagues of Professor Willian 


retiring head of the mathematics department at Teachers College 


University, gathered for a testimonial! dinner in his honor on 


It was announced at the dinner that the David Eugene Smith 


Club, 


William David Reeve Scholarship in 


which sponsored the testimonial, is accumulating money tx 


the Teaching of Mathematics 


arship will be awarded annually to doctoral! 


students, and approxima 


fa $5,000 goal has been contributed to the 





This note relate to the following well known theore 


Theorem. If an infinite 


onverges (P,) the series alternates; (P,) the limit f the r 
zero, (P,) the terms never increase numerically when read u rder 
term, the second term, etc.). 


we were asked this question: “If exactly one of the properties 


u -— 


n 


in which the symbo! “9 * 2) denotes the greatest integer not | 
n= ] fe) . ) ) ) } 
——— + 2, has properties P and P, but not P,; and this serie 
j-— . 2 + ms ae l + l . - + - 
l-v2 1+v2 ] -\ Ll+v3 l-v4 | + 
l 
= - ( l + > + 


because the harmonic series does. 


The class expressed complete satisfaction 


diverges 





fund to date 
William Higgins, president of the Club, was toastmaster, and Dr 
re) ter of the teaching staff presented Dy Reeve wit a watc'! Ut! 
fficers who made brief remarks were Associate Dean H« I l 
Pre tessors Reeve al John R ( lark, and In tructor Howard Fe 
Lazar lso on the program were Dr. Rolland Smith, ipervisor of 
in the Springfield, Mass., schools and formerly on the Teachers | 
Dy Alfonso Elder, president f the North Carolina llege, Durha 
Aaron Bakst former students, and Mi Anita Feinste 2 irre 
4 member f the department ince 1923, Dr. Reeve i the 
editor of THE MATHEMATICS TEACHER. Previous to his affiliation wi 
oOllege, he was connected with the University of Chicago and the | 
Minnesota His retirement is effective in the fall 
Classroom Discussion of a Juestton on infinite ertue 


sertes has the following three prope 


After demonstrating this theorem for a class in Integral Calculus 


theorem is waived, does there exist a divergent series which has 
on 
two properties 
Our answer after some reflection, was as follows. The harmonic se 
’ nth term u, = 1/n_ has properties P, and P, but not P,, and we kno 
diverges. The oscillating series with nth term u, = (-1)"° has 


P. and P, but not P,, and therefore diverges. The series with nth te 


Northwestern University H. A 
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Occasionally we shall quote from letters sent to any one of the 
editors of the Magazine, so don’t be surprised to meet yourself in 
print. We shall give signatures only when we have permission to quote. 
Here is this month’s letter: 

“T enclose $10 for my current sponsoring subscription to the 
Mathematics Magazine. The new typography is beautiful and distinctive 
and I’m uncertain as to its comparative readability. The articles are 
well chosen, for readability and serviceability to all brackets of 
the profession.” 





We have received from Professor Cleon C. Richtmeyer of the Department 
of Mathematics of Central Michigan College of Education an excellent 
pamphlet, published by the Michigan Section of the Mathematical Asso- 
ciation of America, and sent to all high schools in Michigan. Its title 
is “A Mathematics Student—To Be or Not to Be?” It states to high 
school students how they may find themselves hampered, when they get to 
college, if they do not take in high school at least a year of algebra 
and a year of geometry. An explanation is given of the different college 
subjects which demand that much mathematics as a prerequisite and of the 
different professions after college for which a knowledge of mathematics 
is important. 





To Young Instructors of Mathematics 


Of course you are teaching mathematics because you enjoy and respect 
the subject and are eager to have others share your interest. In the 
day-by-day study of mathematics there are necessarily dul! details to be 
mastered. Keep them from seeming dull by showing implications of the 
subject beyond the matter in hand. Historical parentheses have their 
place. So, too, do occasional discussions which seem to you largely 
made up of half-understood philosophical and mathematical ideas. Such 
ideas presented by one student may now and then point the way to more 
profound ideas on the part of another student. 

Prepare your work as well as you can, and expect your students to 
prepare their work as well as they can. Don’t expect perfection—keep 
your perspective on the learning process by continuing to learn in your 
own particular field of interest, reading the publications of others and 
trying to write something of your own. Don’t expect perfection, but take 
time to rejoice when a student comes near it. The whole class should 
feel a sense of satisfaction in the resourcefulness and independent 
thought of an excellent student and in the beauty of the painstaking 
step-by-step process by which mathematical results are achieved. 

In the main, undergraduates learn by “doing”. Give plenty of oppor- 
tunity for written work outside of class. Give time in class for 
thoughtful work, don’t feel that ideas must be offered every minute. 























} 
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Von t get too di raged when tl iT g Wy , whe 
rest the girl whe taking mathematics because her fathe 
hould, or even her riend who “just loved” high school n 
Do the best you can to make the subject clea) interesting, 
You may fail with some individuals, you may succeed with ot} 
ither situation be over-egotistical. Keep your sense 


| 


toward yourself and others, and, above all, keep your sen 


Wellesley College 





How can you tell a mathematician 
[he mathematician postulates. 


The demagogue expostulates. 
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Recent and Forthcoming Texts 


y-™ 





First Year College 


Mathematic 1 Applications 


By Daus and Whybur 


oordinated study of ege algebra 
ompiete 1 me volur Emphasi 
on creating understanding a i on 
nanipulative techniques. Eact topic has been included because 
immediate applications as wellas future needs. These applications 


include problems of a geometric character with an applied background, 


problems in curve fitting, and elementary electric circuit theory when 
related to mathematical problems involving algebra or analytic geometry. 
To be published in the fall. $5.00 (probable) 
PAUL H. DAUS is Professor of Mathematics, University of Cali- 
fornia, Los Angeles. WILLIAM M. WHYBURN is Professor of 


Mathematics and President of Texas Technological College 


Analytic Geometry 
Fourth Edition 
By Clyde E. Love 


The fourth edition of this text differs fron previous editions in both 
style and content. Explanations are fuller, and applications and 


exercises are more numerous and more varied. Algebraic curves are 


introduced early, and less space is devoted to conic sections. A new 
chapter has been added on the analytic geometry of trigonometric 


functions, and one on exponentials and logarithms. 


Published March 23, 1948. $3.50 


CLYDE E. LOVE is Professor of Mathe- 


matics at the University of Michigan. 


The Macmillan Company 
60 Fifth Avenue New York 











